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ABSTRACT

Adaptive algorithms with data-reuse, like the UNDR-

LMS algorithm, have recently received more atten-

tion due to their simple structure and their capabil-

ity to improve the estimates by repeating the same

operation. Since the basic operation is that of an

LMS algorithm, it is a common belief that these al-

gorithms converge towards the Wiener solution. In

this paper, a data-reuse algorithm is analyzed that

converges to the LS solution instead. The algorithm

is similar to Kaczmarz's row projection method, al-

lows, however, un-normalized regression vectors and

a wide range of (time-variant) step-sizes. Similar to

the LMS algorithm when compared to the Wiener so-

lution, this algorithm also results in a misadjustment

proportional to its step-size. Various step-size control

strategies are investigated to improve this misadjust-

ment.

1. INTRODUCTION

When it comes to high-speed implementations of

adaptive �lters, for example in adaptive equalizer

structures, adaptive gradient-type algorithms have

always been favored against LS-type algorithms.

Gradient-type algorithms have low complexity,

their operations are well suited for implementa-

tion and they do not su�er of precision and ro-

bustness problems when implemented in �xed-

point architectures. The price of this preference

is their slow convergence and poor estimation of-

ten paid and traded against their more desirable

properties. Recently, there has been some atten-

tion of data-reuse algorithms, for example the

Un-Normalized Data-Reuse LMS (UNDR-LMS)

algorithm and various derivatives thereof (see for

example [1]-[5]).

The gradient-type data-reuse algorithm pre-

sented here will be called UNDR-LS algorithm

since it is the corresponding Least-Square gradi-

ent algorithm to the UNDR-LMS algorithm. It

will be shown that UNDR-LS converges indeed

to an LS solution and not to the Wiener solu-

tion as it is the case for the other data-reusing

algorithms.

If the standard LMS algorithm is applied on

one data pair (input vector and desired) for an in-

�nite number of times, the same solution as for an

LS estimator on the same data pair is obtained.

This property has been shown by Nitzberg [6]

and from a di�erent point of view already by

Goodwin and Sin [7]. An open question, how-

ever, is what solution is obtained when the up-

dates are performed over a set of data-pairs and

then repeated a number of times, i.e., the oper-

ation of the UNDR-LS algorithm. For normal-

ized regression vectors, the Kaczmarz's row pro-

jection method (see [3] and references therein) is

known to iterate to the LS solution. This pro-



jection method, however, requires divisions and

cannot allow for a range of step-sizes to control

the additive noise. In contrast to this projection

method, we will apply a much simpler, LMS-like

operation by utilizing un-normalized vectors with

a (time-varying) step-size. Since the projections

cannot be applied any more, this solution causes

a misadjustment that is proportional to the step-

size.

2. DERIVATION

Assume the desired sequence dk and the train-

ing symbols uk, arranged in a row vector uTk
�
=

[uk; uk�1; :::; uk�M+1]. The problem is to mini-

mize the sequence dk�u
T
kw in an LS sense. Let's

observe the sequences over a �xed period, say N

time instants. Then the corresponding signals

can be arranged into a vector dTN
�
= [dN�1; :::; d0];

and anM�N matrixUN
�
= [uN�1;uN�2; :::;u0]:

The LS solution solves minw kdN�U
T
Nwk

2 ; and,

assuming rank(UN = M), can be written as

wLS = UN [U
T
NUN ]

�1dN : (1)

The UNDR-LS algorithm on the other hand ap-

plies the same set of gradient updates several

times. Starting with an initial vector w1, the

procedure is

ek = (dk � u
T
kwk); k = 0::N � 1 (2)

wk+1 = wk + �ukek; k = 0::N � 1; (3)

Compared to the DR-LMS with in�nite time hori-

zon, the DR-LS algorithm is limited to N points.

The so obtained estimate wN in (3) is then used

as initial value again, and the procedure (2)-(3)

is applied again for say L times. Iterative substi-

tution of the N updates from k = 0::N�1 results

in one update equation from time instant zero to

N � 1,

wk+1 = wk + �uk(dk � u
T
kwk)

= [I� �uku
T
k ]wk + �ukdk

= [I� �uku
T
k ][I� uk�1u

T
k�1]wk�1

+�ukdk + [I� �uku
T
k ]�uk�1dk�1

= :::

Thus, obtaining (with Ak = I� �uku
T
k )

wN =

N�1Y
k=0

Akw0 + �

N�1X
k=0

N�1Y
l=k+1

Akukdk (4)

This update equation can be split up in three

parts

wN =

"
I� �

N�1X
k=0

uku
T
k

#
w0+�

N�1X
k=0

ukdk+O(�
2)

(5)

the third part being of higher order in �. In the

following, this part will be neglected.

Assume now that the initial value w0 can be

described in terms of the update vectors uk and,

in case these vectors do not span a space of di-

mension M , an additional term z orthogonal to

the previous ones. Thus,

w0 = UNa0 + z

with the vector aT0 = [aN�1; ::; a0], the weights for

the update vectors uk, k = 0::N � 1. Applying

such a vector to (5) leads to

UNa1 = UN [I��UT
NUN ]a0+z+�UNdN : (6)

In other words, the linear combination in UN re-

mains, although the set of coe�cients ak changes.

The orthogonal part z remains unchanged due to

its orthogonality of UN . The solution can thus

be described in terms of the vector ak only, ne-

glecting the orthogonal part z that is not e�ected.

After one set of updates,

ak+1 = [I� �UT
NUN ]ak + �dN ; (7)

is obtained. Applying (7) L times leads to

aL = [I��UT
NUN ]

La0+�

L�1X
k=0

[I��UT
NUN ]

kdN :

(8)



Thus, assuming that

jeig(I� �UT
NUN )j < 1; (9)

the initial values a0 die out (and can be set to

zero with an initial zero estimate) and the right

hand expression of the equation grows to some

�nal value. Running L ! 1, the following is

obtained asymptotically

a1 = � lim
L!1

L�1X
k=0

[I� �UT
NUN ]

kdN : (10)

= [UT
NUN ]

�1dN : (11)

This is nothing else but the LS-solution. The only

two di�erences now are

1. Due to the initial value of w0, and corre-

spondingly a0, there can exist an orthogo-

nal part z that is not updated. This will

in particular occur when N < M (under-

determined LS solution) and if for N �

M (overdetermined LS-solution) the matrix

UN is not of full rank M . Such a solution

also occurs when a standard LS problem is

de�ned under the same conditions.

2. The solution is an LS-approximation where

terms of order �2 and higher were neglected.

These terms might cause some di�erence

(misadjustment) when compared to the ex-

act LS-solution. If either the input process

becomes orthogonal, i.e., UT
NUN = diag, or

the noise zero, the misadjustment vanishes.

This e�ect is similar to the misadjustment

in LMS when compared to the Wiener so-

lution. It is, like the LMS-misadjustment,

proportional to �2.

The eigenvalue condition (9) requires a statement

on the step-size. An upper bound for the step-

size � so that the eigenvalues remain inside the

unit circle is given by

0 < � <
2

max eig(UT
NUN )

�
2PL�1

k=0 kukk
2
:

This condition could lead to very small step-sizes.

If the input sequence uk is designed for train-

ing, some orthogonal property next to a constant

modulus property can be imposed. For perfect

orthogonality, UT
NUN =MI and thus

0 < � <
2

M
(12)

is obtained, a familiar step-size condition for the

LMS algorithm.

2.1. Example

A linear system of order M = 10 is driven by

white Gaussian noise and its output is corrupted

by additive noise of 40dB SNR. The UNDR-LMS

algorithm is run on 20 samples and is repeated

2000 times with a �xed step-size �. The results

are compared to the Wiener solution and the LS

solution obtained from (1). Figure 1 displays the

convergence behavior. The relative system mis-

match is plotted assuming the LS and the Wiener

solution, respectively (continuous line). In a sec-

ond experiment, the � was decreased by a factor

of 10. The solution (dotted line) is now as far

away from the Wiener solution as before while the

distance to the LS solution has been improved by

a factor of 100, as predicted.

3. OPTIMAL STEP-SIZES

In this section a closer look will be taken on the

residual error and the impact of the step-size �

on it. For this reason (4) is starting point again,

now with time-variant step-size �(l). It is as-

sumed that the step-size remains constant for a

block of updates but changes from block to block

(indicated by index l).

wN =

N�1Y
k=0

[I� �(l)uku
T
k ]w0 (13)

+�(l)
N�1X
k=0

N�1Y
m=k+1

[I� �(l)umu
T
m]ukdk
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Figure 1: Comparisons of relative system dis-

tances to Wiener and to LS solution.

which can be approximated to

wN = [I� �(l)

N�1X
k=0

uku
T
k ]w0 (14)

+�(l)

N�1X
k=0

ukdk + �2(l)

N�1X
k=0

ukxk

with the not closer speci�ed elements xk denot-

ing the errors when compared to the LS solution.

Using the more compact vector and matrix nota-

tion, (15) can be reformulated as

aL =

LY
l=1

[I� �(l)UT
NUN ]a0 (15)

+

LX
k=1

�(k)

LY
l=k+1

[I� �(l)UT
NUN ]

�fdN + �(k)xNg :

By applying a unitary transformation, Qai =

bi, the matrix UT
NUN can be diagonalized into

QUT
NUNQ

T = � with the M eigenvalues �1 to

�M = �max, and the iterative equation (15) can

completely be diagonalized into

bL;i =

LY
l=1

(1� �(l)�i)b0;i (16)

+

LX
k=1

�(k)�i

LY
l=k+1

(1� �(l)�i)

�fbLS;i + �(k)x(i)g ; for i = 1::N ;

where the LS solution dN = UT
NUNaLS was used

to substitute dN and �nally QaLS = bLS . The

transformed noise terms are simply denoted as

x(i). From this form, and the de�nitions

SL
�
=

LX
k=1

�(k)�i

LY
l=k+1

(1� �(l)�i);

TL
�
=

LX
k=1

�2(k)�i

LY
l=k+1

(1� �(l)�i):

the general conditions for approaching the LS so-

lution asymptotically can be derived:

lim
L!1

LY
l=1

(1� �(l)�i) = 0; (17)

lim
L!1

SL = 1; (18)

lim
L!1

TL = 0: (19)

Note that the above de�nitions for SL and TL can

be reformulated recursively as

(SL � 1) = (1� �i�(L))(SL�1 � 1)

TL � �i�(L) = (1� �i�(L))(TL�1 � �i�(L)):

Note that as long as j1� �i�(L)j < 1, the terms

converge to one and �i�(L), respectively. Thus,

in order for TL to disappear, the step-size needs

to decrease to zero.

This leads us to the question which step-size

is best for achieving the LS solution. So far, only

a constant step-size has been used,

�0(l) = � : (20)



In gradient-type approximation theory it is well-

known that a decreasing step-size of the form

�1(l) =
c1
l
; l = 1; 2::: (21)

can achieve the Wiener solution without errors

(see for example [7]). Another decreasing sequence

of great practical importance is given by

�2(l) = c2�2(l � 1) (22)

since a simple multiplication can derive the fol-

lowing step-size value. Yet, another interesting

choice is

�3(l) = c2�3(l � 1) + c3 : (23)

For all sequences it can be shown that given the

eigenvalues with the proper choice of the parame-

ters, the product term
Q
(1��(l)�i) tends asymp-

totically to zero. For �1(l) = c1=l, a ratio of �

functions is obtained which can be approximated

for small values c1�i, showing that by

�(l � �ic1)

�(l)
� e�c1�i :

for every 0 < c1�i � 1 the sequence converges to

zero.

In the following, we will compare the sequences

in terms of their approximation qualities. The

convergence of condition (19), however, is not so

simple to conclude. It should also be noted that

the eigenvalues are usually not known a-priori.

In an experiment, the eigenvalues were in the

range from 0:01 to 100. Table 1 shows the results

for the terms SL and TL after L = 100; 000 it-

erations. The corresponding step-size selections

were � = 0:01; c1 = 0:1 and c2 = 0:99; �(0) =

0:1; c3 = 0:0001. As the table reveals, the step-

size sequences behave quite di�erently. While a

constant step-size as well as the decreasing step-

size with lower bound always approach SL = 1,

with a certain drawback in precision for TL, the

� SL (20) SL (21) SL (22) SL (23)

TL (20) TL (21) TL (22) TL (23)

100 1.0 1.0 1.0 1.0

1.0 0.01 0.01 1.0

10 1.0 1.0 1.0 1.0

0.1 1e-4 0.01 0.1

1 1.0 0.7337 1.0 1.0

0.01 8.6e-3 0.01 0.01

0.1 1.0 0.022 0.633 1.0

0.001 1e-4 0.0027 0.001

0.01 1-4e-5 1.1e-3 0.095 1-4e-5

1e-4 1e-6 0.47e-4 1e-4

Table 1: Approximation results for the four step-

size sequences.

other two sequences show distinctly di�erent be-

havior. Although theoretically known for (21)

that SL ! 1, it can take a huge amount of it-

erations for approaching this.

3.1. Examples

The conditions (17)-(19) do not re
ect how pre-

cise the LS approximation is in a particular case.

To study their in
uence on precision, the follow-

ing identi�cation problem is carried out. A sys-

tem of order M = 10 is identi�ed by taking N =

20 vectors and repeating them up to L = 2000

times. The step-size sequences as presented in

the above example were applied. The relative

system mismatch to the LS solution is plotted in

Figure 2 for the four step-size sequences in (20)

to (23) denoted �0 to �3. It now shows that the

exponential decaying step-sizes are superior. Af-

ter about 100 iterations they are very close to

the LS solution and keep improving slowly after-

wards. In particular the sequence (21) does not

show very promising behavior. Thus, in practical

problems were only a few repetitions can be real-

ized an exponential decaying � is suited best.
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Figure 2: Comparisons of various step-sizes.

4. CONCLUSIONS

A new type of data-reusing algorithm has been

proposed that exhibits, in contrast to the LMS

algorithm, LS behavior. The algorithm is sim-

ple to implement and since it follows very similar

update rules than an LMS algorithm, it is robust

against numerical approximations, i.e., �xed-point

implementations. Misadjustment, occurring due

to approximations, can be reduced by a carefully

selected step-size control.
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