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ABSTRACT

We obtain the governing differential equation for the
Wigner distribution for a linear invariant system that
is governed by a differential equation or the output. We
use the impulse response method to prove that the so-
lution to our equation is unique and is the Wigner dis-
tribution of the solution. Using this method we apply
it to the gliding tone problem which is the response of
a resonant circuit when the driving force is a quadratic
modulated phase. This problem has been considered
by many investigators for over fifty years and no ex-
act solution has previously been obtained. We have
obtained the ezact Wigner distribution.

1. INTRODUCTION

We have recently developed a new approach to study
linear invariant systems that are governed by an or-
dinary differential equation. Using this approach we
have solved a hitherto unsolved problem, the gliding
tone problem. This is described in section 4. The basic
idea of our approach is the following. Many physical
systems are represented by a linear differential equation
of the following type:
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where z(t) is the state variable, which represents the
state of the system, and f(¢) is an arbitrary forcing
function. A classical interpretation of this equation,
well known in signal analysis, is the system approach.
With that philosophy, the differential equation is seen
as a system that for a given input signal f(t) returns
an output signal z(t). Hence, the system is interpreted
as a transformation between the input and the out-
put. Many considerations can be made directly on Eq.
(1), that is, in the time domain. Other domains are
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often introduced to better understand the system, par-
ticularly the Fourier and Laplace domains. However,
when one is interested in studying how the instanta-
neous spectrum of f(t) is modified by the system, a
time-frequency distribution of the output is computed,

such as the Wigner Distribution [3]
Wy alt,w) = / (8 — L) a(t + Lr) 9™ dr
27 (2)

In our method we bypass obtaining z(t) and obtain
the Wigner distribution directly [4, 5] and this will be
described in the next section. There are many advan-
tages for this approach from both the practical and
theoretical point of view and these will be discussed
in Sect. 5. However we mention here that using this
approach we have solved a hitherto unsolved problem,
the gliding tone problem [6].

The possibility of studying linear time-invariant sys-
tems using the Wigner distributions was first discussed
by Claasen and Mecklenbrauker [2] who derived the
general relation between the Wigner distribution of the
input, output and impulse response function. This
method was developed by Pei and Wang [9] and also
applied to time-varying system. These studies consid-
ered the general issues but did not consider the ques-
tion of obtaining differential equations for the Wigner
distribution.

In this paper we describe and compare the two
methods and we discuss a certain fundamental issue
that we call the representability problem.

It is important to notice that, although using the
impulse response method it is possible to draw some
interesting conclusions on the system, there are on the
other hand some limitations. First, all the knowledge
on how the instantaneous spectrum is modified is hid-
den in the Wigner of the impulse response, that acts
as a “black box” between the input and the output.
Then the method can be applied directly only to linear
ordinary equations with constant coefficients, while im-
portant nonstationary behaviors are generated by time-
varying coefficients.



In this paper we prove that the Wigner computed
with our method is the same than the one obtained
with the impulse response approach. This is a cru-
cial consideration, because it guarantees that writing
a differential equation for the Wigner distribution is
possible, and that the solution to such equation is a
representable Wigner distribution.

2. THE TWO METHODS

In the following we will use Fourier transform pairs
defined by !
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We define the convolution of two functions as
§0 90 = [ 5= )9t 3)
Differentiation of functions with respect to time will be

indicated with this standard notation,
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Also, it will be convenient to define the differential op-
erator, D

D=—
dt

2.1. The Wigner distribution for linear differ-
ential equations

We rewrite (1) in polynomial operator notation

Pn(D)x(t) = f(2) (4)

We have proved [4] that the Wigner distribution satis-
fies the following partial differential equation,

Pr(A)Pr(B)Wy o (t,w) = Wy s (t,w) (5)
where A and B are the following operators
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L All integrals go from —oo to oo unless otherwise indicated.

2.2. The Wigner of the impulse response

In the impulse response methods [8] one writes the so-
lution to (1) as

(t) = h(t) * £(1) (®)

to
Pp(D)h(t) = 6(t) 9)

This corresponds in finding the particular integral of
(1) when the initial conditions are all zero

z(—o0) = 2V (=00) =... = 2"V (—00) =0
(10)

Now one can approach the calculation of the Wigner
distribution by taking the Wigner distribution of both
sides of (8) and expressing the right hand side of the in-
dividual Wigner distribution. This has been previously
done by [2] with the result that

Wz,z(t,w) = 27TWh’h T Wf,f (11)

= 27T/Wh,h(t - t',w)Wf,f(tl,w)dtl
(12)

The 27 is a consequence of how we define Fourier trans-
form pairs in Sect. 2.

3. EQUIVALENCE OF THE TWO
METHODS

The Representability Problem
Although we have proved that the Wigner distribution
satisfies Eq. (5) there is the issue that possibly not
every solution of Eq. (5) is indeed a proper Wigner
distribution. We will now prove that indeed every so-
lution of Eq. (5) is a proper Wigner distribution.
For convenience we rewrite here the main equation

(4),
Pr(D)x(t) = £(2) (13)

and to make the approach consistent with the impulse
response approach, we set the initial conditions to zero

z(—o00) = 20 (—00) = ... = 2"V (—00) =0
(14)

Now we factorize the polynomial operator in (13)

[D = pi][D = ps]--- [D = pala(t) = f(?)
(15)
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Figure 1: Block representation of equations (16). Every
block is associated to an equation. For example, the
equation for the first block is wg)(t) + kz1(t) = f(t).
The initial conditions are zero for every block, and this
for the first means z1(—o0) = 0.

b0

Figure 2: Basic block. The associated equation is
y D (t) + ky(t) = b(t), with y(—o0) = 0.

and introduce the support variables x1(t),. .., Zn—1(t),
(13)

[D—pi]zi(t) = f(t) (16)
[D —pa]za(t) = z1(t)
[D—pnlz(t) = zn-1(t)

with the new set of initial conditions

(17)

This particular way of writing the problem is grafically
represented in Fig. 1. Every block is associated to an
equation in (16), and has the forcing function as input
and the solution as output.

The basic block is represented in Fig. 2. Because
the numbers p;,p2,... ,p, can be real or in general in
complex conjugate pairs, the basic block is general if
k = kg + jk; is a complex number. The differential
equation associated to the basic block is hence

WO | ky) = ) (18)
dt
where, as usual, the initial conditions are y(—o0) = 0.

We prove that for any Wigner W (¢, w) the Wigner
Wy, (t,w) computed with the two methods is the same.
This result can be iterated from the first block to the
last in Fig. 1 (that is from the first equation to the last

in (16)), to prove that for any given Wy ¢(¢,w) in (13),
Wy (t,w) is the same for the two methods.

In particular we will obtain the following integral
relation

. in 2
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Wy (t,w) = 2ul(t) wtkr ot (19)

3.1. Solution to the Wigner equation

Let’s rewrite the differential equation (18) associated
to the basic block in operator notation

[D + Ely(t) = b(?) (20)
The associated Wigner equation is [4]
[A+ E*][B + kly(t) = b(2) (21)

This equation can be rewritten in the equivalent system
formulation

[A+ kWi (tw) =
[B + k]| W, (t,w)

Wb,b(t,w)
Wl (taw)

where the support function W (¢,w) has been intro-
duced. We set the initial conditions to zero, that is
Wi(—o0,w) = Wy 4(—00,w) = 0 and we solve the two
linear first order equations in cascade.

3.1.1. First equation

The first equation is
AWy + E"Wy = Wiy (22)
Substituting A from (6)

oWy
ot

+22*W; = ZW[,’I, (23)

where

2 = (k + jw)* (24)
Treating the equation as an ordinary equation with w
as a parameter, the solution is

t
Wi(t,w) = 222" / X Wy (', w)dt!

—0o0

(25)



3.1.2. Second equation

The second equation is
BWy, +kWy, =Wy (26)
Substituting B from (7)

oW,
—rt + 22 W,y = 2W) (27)

Treating the equation as an ordinary equation with w
as a parameter, the solution is

t
Wy, (t,w) = 2727 / Wy (t,w)dt’
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Let’s study the integral
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Substituting in Wy,
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that is the expected integral relation (19) between the
input Wigner W3 5 and the output Wigner W, ,.

3.2. Wigner of the impulse response

We write the solution to (18) by mean of the impulse
response

y(t) = h(t) x b(t) (28)

where h(t) is the impulse response of the system, that
is the solution of the following problem

h+ kh = (t) (29)
Some simple algebra shows that
h(t) = u(t)e™k (30)
Taking the Wigner of both sides, we have [2]

Wy,y = 20Wh,n % Whp (31)



We compute the Wigner of the impulse response

Win = % / w(t = 7/2)ut +7/2)

x e—k* (t—r/2)e—k(t+‘r/2)e—j‘rwd,r
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Substituting in (31) we have

W,y (tw) = 2u(t)e=2krt sin 2t(w + kr)
? w + kI t (32)

That is again relation (19).

4. EXAMPLE

The response of a resonant circuit when the driving
force is a chirp is the “gliding tone” problem. Specifi-
cally one seeks the solution to
2 2,2

dda;gt) + 2ud(;(ft) + wiz = &Pt /2 (33)
This problem is important for many reasons and it was
first considered by 1948 Barber and Ursell [1] and Hok
[7] and other investigators subsequent to them. No ex-
act solution is known but the problem has been inves-
tigated by approximation methods. Using our method
we have been able to obtain the exact Wigner distribu-
tion for this problem. The differential equation for the
Wigner distribution is

[A? + 2uA + wg|[B? + 2uB + w3|W, 4 (t,w) = Wy 4 (t,w)

(34)
where
1
W= d(w—Bt) = mé(t — w/ﬁ)
We have been able so solve this equation exactly.
2 u(r)
W(t,w) = —
)= 1515 =

1 672217' _ 672227' 672217' _ 672227'
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r=t-w/B (36)

e+ Ju? — (37)
Z = jwtp—/pu?—wd
—jw+ p 4/ — W§

and

2o =
Zy = jw+p+/p?—wj
and where u(t) is defined by
1 t>0
u(t) = (38)

0 otherwise

Having the exact solution has allowed us to under-
stand the gliding tone problem in an effective and di-
rect manner. We have considered and specialized to
the underdamped, overdamped, and critically damped
cases. This specific details of the derivation and the
discussion of the solution will be published elsewhere

[6]-
. CONCLUSION

We have developed a method to obtain the governing
differential equation for the Wigner distribution for a
linear invariant system whose output is governed by
a linear differential equation. The Wigner distribu-
tion is a real function of two variables, but not all
the real functions of two variables are Wigner distri-
butions. This is called the “representability problem”.
In this paper we have compared the Wigner obtained
with our method to the Wigner obtained with the im-
pulse response method, and we have proved that the
former is a representable Wigner distribution.

Using this method we have solved the “gliding tone”
problem, that is the problem of finding the output of
an harmonic oscillator whose input is a linear chirp. In
the time domain no exact solution exists, but we have
instead found the exact Wigner distribution.
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