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ABSTRACT

In thiscontritutionwe discussanoversampleahon-uniform
DFT filter bank, which is derved by allpassfrequeng
transformationgrom its uniform version. Here, a perfect-
reconstructiorfPR) solutiongenerallyrequiresanon-stable
synthesidilter bank. As a new resultwe shav thatby alle-
viating the PR conditionsit is possibleto constructa stable
synthesisystemwherethe subbandilters areof FIR type.
Thedelayof theresultingnearPR systemcanbeefficiently
controlledby a factorizationof the analysisand synthesis
filter bankinto lifting steps.

1. INTRODUCTION

Non-uniformfilter banksaregenerallyusedin thoseappli-
cationswherethefixedtime-frequenyg resolutionprovided
by a uniform subbandlecompositioris not appropriate A
well-known example is the approximationof the critical
bandsn the humanauditorysystemwith non-uniformfilter
banks.

Onesimpleway to obtaina non-uniformfrequeng res-
olutionis basednthefrequeng transformatiorof anover
sampledDFT polyphasefilter bank [2, 8], whereall de-
lays arereplacedby allpasselements.However, whenwe
want to obtain perfectreconstructionPR) for the overall
analysis-synthessy/stemthecorrespondingynthesidilter
bankgenerallyhasunstablesubbandilters andis thusnot
suitablefor the processingf infinite-lengthsignals. One
solutionis to employ adoublebufferingschemeasin [1, 6],
wherethesynthesidiltering operationsrecarriedoutalter
natelyontime-reversedandnon-time-reersedsubbandig-
nal blocks. However, this methodmayleadto anincreased
systermdelay

In this contribution we presenta novel designfor the
synthesisfilter bank, which leadsto a nearPR solution
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for the allpass-basedon-uniformoversampleFT filter

bank. In contrastto the methodin [1, 6], the proposedsyn-
thesisfilter bankonly employs FIR subbandilters, sothat
stability is alwaysguaranteedHowever, for long prototype
filters or a large numberof subbandghis leadsto an in-

creasedsystemdelay We shav that this delay canbe ef-

ficiently reducedvhenthe designof the prototypelowpass
filter is basednlifting schemeg$3].

2. ALLPASS-TRANSFORMED DFT FILTER BANKS

2.1. GeneralCase

In the following we considerM -channelDFT filter banks,
with M beinganevenintegernumberin polyphasenotation
[7], whereall delayelementsarereplacedby allpassfilters
A(z) [2,8]. Theresultingstructureis depictedn Fig. 1 for
theanalysisside,whereW ,; denoteghe DFT matrix with
[Wales = Whi = e=i%iki | i=0,...,M —1,andNy
thesubsamplindactorfor the k-th subbandFor thesale of
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Figurel: GeneralizegolyphaseDFT filter bank,whereall
delayelementsarereplacedy allpasdilters A(z)

simplicity we assumehatthelengthL,, of theprototypeim-
pulseresponse(n) is restrictedto integer multiplesof M,
i.e.L, =m - M,m € N. The(typel) allpass-transformed
polyphaseomponents, (AM(z)),p=0,...,M —1,are



thendefinedas

m—1

Py(AM(2)) = Y p(AM +p) AM(2). (1)
A=0
As we canseefrom Fig. 1, thetransferfunctionsof the M/
analysissubbandilters Hy(z) cangenerallybe written ac-
cordingto

Hiz) = ¥ PAM) A () Wy, ()

p=

2.2. SpecialCases

(@) Uniform filter bank. By choosingA4(z) = 27! we
obtainthe classicalDFT analysisfilter bankwith uniform
frequeng resolution.Here,thefilter A(z) canberegarded
asan allpassof zerothorderwith the frequeng response
A(e?¥) = e % andthelinearphaseesponse, (w) = —w.
With (2) theanalysidilters H ,§“> (2) in theuniform caseare
thengivenas

M—-1
HY(2) = Y PGM) 2wy . 3)
p=0

(b) Allpasstransform of first order. Here,we choosethe
transferfunctionsA(z) asstableandcausahllpasdilters of
first orderaccordingo

z ' —a

A(z) = Ap(2) -1<a<l, (4)

Tl a U
wherewe restrictourselhesto a real-valued parametera.
From(4) we obtainthefrequeng response

Ay(el?) = edr(@) (5)
with

asinw

¢p(w) = —w + 2arctan <m> . (6)

Thus,replacingall termsz~! by first orderallpasselements
leadgto atransformationv — ¢,(w) of thefrequeny scale.
By inserting(5) and(6) in (2) thefrequeng responsesf the
allpass-transformesubbandilters H ,E") (z) canbewritten
as

M—1
H,E")(ej”) _ Z P, (e?M00(2)) grdn() 7, kP,
p=0
= H{" (e 799(@)) = p(e=3(9r @)tk 37)).

Thesefilters generallyhave differentbandwidthswhichre-
sultsin a non-uniformfrequeng resolutionof the corre-
spondinganalysisfilter bank. Examplesare depictedin
Fig. 2 for differentallpassparameters.
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Figure 2: First order allpass-transformeénalysisfilter
bank: Frequenyg resolutionfor M = 8 and(a) a = 0,
(b)a=-0.3,(c)a=0.5

3. NEAR-PR SYNTHESIS FILTER BANK

When designing an overall PR or nearPR analysis-
synthesissystemwith the allpass-transforme®FT bank
from section2, we require both the analysisand synthe-
sis subbandilters to be stableand causal. Therefore,it is
not possibleto usea simpleinverseof all allpasstransfer
functions(of non-zeroorder)in the synthesidilter bank.In
this sectionwe present novel synthesistructurewhichis
only basedon FIR subbandilters andthus avoids all sta-
bility problems. Furthermore,t leadsto nearPR for the
correspondingion-criticallysubsamplednalysis-synthesis
system. For simplicity reasonswve restrictoursehesin the
following to allpassransformsof first orderasdiscussedh
section2.2(b).

3.1. Basicldea

In orderto explain the basicideaof our approactwe begin
with asimplenon-subsamplethree-channedystemwhich
is givenin Fig. 3. Herein, A(z) is choserasthefirst order
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Figure 3: Simple three-channekllpass-basednalysis-
synthesisystem

allpassA,(z) (4) with parameten, andF'(z) is definedas

F(z) = —az" %+ (1—a%) 2@V ta(1-a?) 2~ @D
+ota®21-a)z  +att (7)

~—



with d € IN. Theoveralltransferfunction of the systemin
Fig. 3 canthusbestatedwith F°(z) =1 as

T(z) =2z "+ 2 Y Ap(2) F(2) + A2(2) F*(2).  (8)

For theproductA,(z) F(z) we now obtainwith (4) and(7)
theexpression

Sincela| < 1, we canselecttheorderd € IN of the FIR-
filter F'(z) suchthatwe have anapproximateeompensation
of the phasedistortionsintroducedby the allpassfilter up
to acertainerrore(a, d). This errorcanbe madearbitrarily
small at the expenseof additionaldelay Thus,(9) canbe
approximateds

Ay(2) F(z) ~ 277, (10)

and the overall transfer function (8) now becomes
T(z) ~32z24,

Notethatthe analysis-synthesisystemin Fig. 3 canbe
regardechsageneralizedallpass-basedylelay” chainwith
a nearPR property wherein orderto obtain a suficient
compensatiorof the allpassphasedistortions,the system
delaymustbeincreasedy afactord.

3.2. General SynthesisStructur e

Based on the phase compensationapproachdiscussed
above, we are now ableto constructa nearPR synthesis
filter bank,whenthe prototypesaredesignedappropriately
(seebelow). We restrictoursehesto prototypeswith iden-

tical lengthson the analysisandthe synthesiside.

(a) CaseL, = M. Theresultingmodifiedsynthesisstruc-
ture for this specialcaseis depictedin Fig. 4, wherethe
synthesisprototypeof length L, = M is denotedwith
g(n). Whenwe now considethenon-subsamplechsewith
N, =1fork =0,...,M —1andchooseahesynthesigpro-
totypeaccordingo ¢(L, — 1 —n) = 1/p(n), p(n) # 0 for
aln =0,...,L, — 1, we canseethatthe only distortion
in thereconstructegignalis dueto the non-idealbehavior
of thecompensatioffilter F'(z). Notethatfor M = 3 after
somestructuralsimplificationswe againobtainthe system
in Fig. 3.

(o) Case L,> M. For longer prototypes with
L,=L;=mM andm = 2,3,... theresultingsynthe-
sisstructures depictedn Fig. 5. Again, if the prototypeis
designedappropriately the overall analysis-synthesisys-
temyields nearPR, which will be shavn in the following
for the non-subsampledase. In afirst stepwe redrav the
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Figure4: Modified DFT synthesidilter bank,L, = M
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Figure5: Modified DFT synthesidilter bankfor L, > M

synthesidfilter bankin Fig. 5 asdepictedin Fig. 6, where
the modified (type 1) "polyphasecomponents’@,(z) are
definedas

—_

m—

Qp(2) = Z g(AM + p) FM(m=X)=p=1) () ,—MdA
- (11)

with p =0, ..., M — 1. Furthermorethe polyphasematri-
cesof themodifiedDFT filter bankfor thenon-subsampled
casemaybewritten as

E,(2) = Wi P(4,(2)), Ra(2) = Q(z) W

Herein,P(A,(z)) is definedas

Py | P

M
2

A
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with thediagonalmatrices

Po(4}" (2)) = diag[Po(4) (2)),. .., Py 1 (451 (2))],
p1 (4 (2)) = diag[Py (43 (2)), .., Paur—1 (45 (2)))-
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Figure 6: Alternative structurefor the synthesisbankin
Fig. 5 (seetext).

S—=i(n)

Lik ewise,we have

with

qO(z) = iag[Q%fl(z)aQ%—Z(z)a .- 'aQO(z)]a

ai(2) = diag[Qr—1(2), Qm—2(2), - - -, Q% (2)]-

Basedon this notation, the requirementfor the overall
transferfunction of the nearPR analysis-synthesisystem

!
T(z) ~ z— P canbestatedas

T(2) = ea(z) Ru(2) En(z)a(z) ~ 20, (12)
wherea(z) = [1,4,(2),..., A% '(2)]” andeq(z) =
[z~ (2 -Dd ~(¥-2d 1] Whenwe furthermorede-
fine thematrix F(z) = diag[F°(z), F1(z),...,F ¥ ~1(2)]
andchoosethe orderd of the compensatiofiilter F'(z) ap-
propriately it is obviousfrom the discussiorin section3.1
that

eq(2)F(2)a(z) ~ %z_(%_l)d. (13)

Comparingthis with theright-handsideof (12) we cansee
thatthe condition

Q) P(4,(2) = 2 2" F(z) with

7 seN  (14)

mustbe satisfiedwherewe assumehatthe phasecompen-
sationerrore(a, d) representshe only distortionin the re-

constructedsignal. From (14) we canobtainthe following

conditionsfor the polyphasecomponents:

fork=0,1,..., %—1. In orderto fulfill (15)theparameter
s hastobechoserass = g M d+ % d, g € IN, whichleads
to anoveralldelayof D = g M d + (M — 1) d samples.

Whenwe have alinearphaseprototypep(n) = g(n) =
p(L, — 1 —n) satisfying(15) it canbeshown thatits type 1
polyphasecomponentsalso satisfy the PR-conditionsfor
thetwofold oversample®FT filter bank[5] givenas

12 e
Pk(z)PM_l_k(z)+Pk+%(z)P%7lik(z):Mz ( 1).
(16)

Clearly, sincethe allpass-transformesystemhasbeen
obtainedby a frequeny scaletransformationfrom a uni-
form DFT bank, the samedesigncriteria hold for linear
phaseprototypes,which do not introduceary additional
non-linearphaseanto thesystem.Thus,it is possibleto use
alinearphaseseudo-QMFdesign[4] aswell. As we have
seermabove,in thenon-subsampledasea designvia the PR
conditionsfor theuniform caseonly leadsto distortionsdue
to the phasecompensatiorrrore(a, d), whereasa pseudo-
QMF approachalsointroducesadditionallinear distortions
into the reconstructeaignal. In the moreimportantsub-
sampledctasehealiasingcomponentshouldbesuppressed
by a sufficient stopbandattenuatiorof the prototypefilters.
However, critical subsamplingvithout strongaliasingdis-
tortionsin thereconstructedignalis not possiblehere(ex-
actly asfor theuniform DFT filter bankwith L, > M [9]).

Note that for long prototypefilters with high stopband
attenuatiorthe lengthof the allpasschainincreaseswhich
alsoleadsto anincreasedverall systemdelay This prob-
lemwill beaddresseth thenext section.

4. IMPROVED DESIGN WITH LIFTING SCHEMES

Lifting is a techniquefor the constructionof biorthogonal
waveletbasesHowever, it hasbeenshavnin [3] thatlifting
canalsobesuccessfullyppliedto the designof PRcosine-
modulatedfilter banks. By applying lifting and dual lift-
ing stepswith differentamountsof additionaldelayto the
polyphasecomponent®f the prototypefilter, the lengthof
the filters can be increasedwhile constrainingthe overall
delayto adesiredvalue.

In thefollowing we presentinadaptatiorof this lattice-
like structureto the allpass-transforme®FT filter bank,
wherein a first stepthe PR-conditiondn (15) for every k
canbewrittenas

[PeAY (2)) A (2)Py e (AV ()] 1 [

Theidentity matrix is thenreplacecby I = CB (CB) !,
wherefor examplein a zerodelaylifting stepthe matrices



B andC aredefinedaccordingo

CC'=

1 0 1 0 I
cAZ (z) 1 —cAZ(z) 1| 7

_ l 1 ba¥(2) ] l 1 —bA} (2) ] -1
0 1 0 1

Herein, the parameters: and b denotefree parameters,
which canbe utilized to improve the stopbandattenuation
of the prototypefilter. The resultingallpass-transformed
zero delay lifting structurefor the analysisfilter bank is
depictedin Fig. 7. This approachcanalsobe usedto de-
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Figure7: Allpass-transformeadero delaylifting anddual
lifting stepfor theanalysidilter bank

sign a single lifting stepfor the allpass-transformetilter
bank,whichincreaseshedelayby 2 M d samplesThere-
sultingnon-uniformresolutionanalysidilter bankbasedn
allpass-transformedtifting stepsis shavn in Fig. 8. The
synthesidilter bank may be derived by the inverselifting
operations. Furthermorethe overall systemdelay can be
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Figure8: GeneralizedholyphaseDFT analysisfilter bank
usingallpass-transformelifting steps

givenasD = ga M d+ (M —1)dwith go = (m; — 1) +r,,
whereL,, = m; M denoteghe lengthof theinitial proto-
typeandr; thenumberof thesingledelaylifting steps.

5. DESIGN PROCEDURE AND EXAMPLES

In thefollowing designexampleswve assumedenticalpro-
totypesp(n) = ¢(n) ontheanalysisandsynthesisidefor
simplicity reasons.

5.1. Prototypedesign

In orderto designthe prototypéfilters we cansimply utilize

the lifting stepsfor the uniform casewith a = 0, where
a rectangulawindow of length M is appliedasan initial

solution. Note thatit is also possibleto usea longer PR
oder PQMF linearphaseprototypeas an initial filter. We
thenapply zerolifting andsinglelifting stepssuchthatthe
desirecbverallsystendelayof D = (3M—1) dis achieved.
Thefree parameterin thelifting blocksareobtainedvia a
nonlinearoptimizationunderadditionalminimizationof the
prototypes stopbandenepgy. Fig. 9 shavs the magnitude
frequeng responsesor two designexamples. The design
parameterarechoseras

(@) L, =64,L, =8 M =8, D = 23d,and
(b) L,=192,L,, =24, M =24,D = 71d.

5.2. Designexamples

(a) Case M = 8. In this examplewe applythe prototype
filter designedn section5.1(a)to the allpass-transformed
analysis-synthesisystemwith a = 0.1 andd = 5, leading
to adelayof D = 115 samples.The magnitudefrequeny
responsesf the analysis subbandfilters are shovn in
Fig. 10(a)andthe overall amplitudedistortionfor the non-
subsampledasewhichis only dueto thephasecompensa-
tion errorof |e(a, d)| = 10~?, is depictedn Fig. 10(b). The
aliasingdistortionin the reconstructedignal for the sub-
sampledcasewith N, = 2,k = 0,...,M — 1, is givenin
Figurell. Herethe solid line correspondso theresultfor
a = 0.1 andd = 5, whereaghe dashedine denoteghe
choicea = 0.3 with d = 10 (D = 710 samples)Notethat
thealiasingerrorcorrespondso thestopbandhttenuatiorof
the prototypéfilter.

(b) CaseM = 2/. Here,we usethe prototypefilter from
the examplein section5.1(b), where the magnitudefre-
queng responséor thesubbandiltersandthealiasingdis-
tortion for the parameterss = 0.3, d = 10 (resultingin
D = 710 samples)/N,, = 4 aredepictedn Fig. 12.

6. CONCLUSION

We have presenteda novel designapproachfor a stable
(FIR) synthesidilter bank,whichcorrespondso anallpass-
transformechon-uniformoversampledFT analysisbank.
It hasbeenshawn thatthe overallanalysis-synthessystem
satisfiesthe nearPR property wherethe nonlinearphase
distortionintroducedby the allpass-transfornn the analy-
sisfilter bankis almostcanceledy FIR compensatioffil-

tersin the synthesisbank. Furthermore the overall sys-
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Figure9: Magnitudefrequeng responsefor two prototype
designexamples(a) M =8, L, =64, L,, =8, D = 23d;
(byM=24,L,=192,L,, =24,D =71d

(b)
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Figure 10: Overall analysis-synthesisystem(parameters
M =8,a =0.1,d = 5, prototypefrom Fig. 9(a)): (a) Mag-
nitudefrequeng responsefor the subbandilters, (b) over-
all amplitudedistortionfor N, = 1.

tem delay can be efficiently reducedby applying allpass-
transformedifting stepsto the polyphasecomponentof
the prototype.Theresultingdistortionandaliasingcompo-
nentsin the reconstructedignal are small and correspond
to the stopbandattenuatiorof the prototypefilter.
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