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ABSTRACT

In thiscontributionwediscussanoversamplednon-uniform
DFT filter bank, which is derived by allpassfrequency
transformationsfrom its uniform version. Here,a perfect-
reconstruction(PR)solutiongenerallyrequiresanon-stable
synthesisfilter bank.As a new resultwe show thatby alle-
viating thePRconditionsit is possibleto constructa stable
synthesissystem,wherethesubbandfiltersareof FIR type.
Thedelayof theresultingnear-PRsystemcanbeefficiently
controlledby a factorizationof the analysisandsynthesis
filter bankinto lifting steps.

1. INTRODUCTION

Non-uniformfilter banksaregenerallyusedin thoseappli-
cations,wherethefixedtime-frequency resolutionprovided
by a uniform subbanddecompositionis not appropriate.A
well-known example is the approximationof the critical
bandsin thehumanauditorysystemwith non-uniformfilter
banks.

Onesimpleway to obtaina non-uniformfrequency res-
olutionis basedonthefrequency transformationof anover-
sampledDFT polyphasefilter bank [2, 8], whereall de-
lays arereplacedby allpasselements.However, whenwe
want to obtain perfectreconstruction(PR) for the overall
analysis-synthesissystem,thecorrespondingsynthesisfilter
bankgenerallyhasunstablesubbandfilters andis thusnot
suitablefor the processingof infinite-lengthsignals. One
solutionis to employ adoublebufferingschemeasin [1,6],
wherethesynthesisfilteringoperationsarecarriedoutalter-
natelyontime-reversedandnon-time-reversedsubbandsig-
nal blocks.However, this methodmayleadto anincreased
systemdelay.

In this contribution we presenta novel designfor the
synthesisfilter bank, which leadsto a near-PR solution
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for the allpass-basednon-uniformoversampledDFT filter
bank. In contrastto themethodin [1,6], theproposedsyn-
thesisfilter bankonly employs FIR subbandfilters, so that
stability is alwaysguaranteed.However, for longprototype
filters or a large numberof subbandsthis leadsto an in-
creasedsystemdelay. We show that this delaycanbe ef-
ficiently reducedwhenthedesignof theprototypelowpass
filter is basedon lifting schemes[3].

2. ALLPASS-TRANSFORMED DFT FILTER BANKS

2.1. GeneralCase

In the following we consider
�

-channelDFT filter banks,
with

�
beinganevenintegernumber, in polyphasenotation

[7], whereall delayelementsarereplacedby allpassfilters�������
[2,8]. Theresultingstructureis depictedin Fig. 1 for

theanalysisside,where�
	 denotestheDFT matrixwith� ��	�
�������� ���	 ����������� ��� , !#"%$&��'�")(*()(�" �,+.-
, and /0�

thesubsamplingfactorfor the ! -th subband.For thesakeof
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Figure1: GeneralizedpolyphaseDFT filter bank,whereall
delayelementsarereplacedby allpassfilters

�������
simplicityweassumethatthelengthRTS of theprototypeim-
pulseresponseU ��VW� is restrictedto integermultiplesof

�
,

i.e. RTSX�ZY\[ � , Y�]_^ ` . The(type1) allpass-transformed
polyphasecomponentsacb �8� 	 �����%� , d0�e'�"*()()(*" �f+g-

, are
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thendefinedasa b ��� 	 �����%� � h �jikl6mon U �8p �rq d �s� l 	 ����� ( (1)

As we canseefrom Fig. 1, thetransferfunctionsof the
�

analysissubbandfilters t � �8�u� cangenerallybewritten ac-
cordingtotv� �8�u� � 	 �jikb mon acb ��� 	 �8�u�w�s� b �8�u� � � ��b	 ( (2)

2.2. SpecialCases
(a) Uniform filter bank. By choosing

�x�8�u� � � �oi we
obtainthe classicalDFT analysisfilter bankwith uniform
frequency resolution.Here,thefilter

�������
canberegarded

as an allpassof zerothorderwith the frequency response�x� �)�%y � �z�����%y andthelinearphaseresponse{}| �H~&� � + ~ .
With (2) theanalysisfilters t�� |G�� �����

in theuniformcaseare
thengivenast � |6�� �8�u� � 	 �oikb mjn a b ��� 	 �s� � b � � ��b	 ( (3)

(b) Allpass transform of first order. Here,we choosethe
transferfunctions

�x�8�u�
asstableandcausalallpassfiltersof

first orderaccordingto�x����� � � S ����� � � �oi +��-Q+�� � �ji " +X-X������- " (4)

wherewe restrict ourselves to a real-valuedparameter
�
.

From(4) weobtainthefrequency response� S � � �%y � �e� ���*� � y � (5)

with {�S ��~&� � + ~ q���������������� ���%�<� ~�&�)��� ~ +�-�� ( (6)

Thus,replacingall terms
� �ji by first orderallpasselements

leadstoatransformation
~g� { S �H~&� of thefrequency scale.

By inserting(5) and(6) in (2) thefrequency responsesof the
allpass-transformedsubbandfilters t���� �� �����

canbewritten
as t ��� �� � � �%y � � 	 �oikb mon a�b � � � 	 � � � y � � � � b � � � y � � � ��b	 "�et � |6�� � � ����� � � y � � �ea � � ��� � � � � y �� W� ��� � � (
Thesefiltersgenerallyhavedifferentbandwidths,whichre-
sults in a non-uniformfrequency resolutionof the corre-
spondinganalysisfilter bank. Examplesare depictedin
Fig. 2 for differentallpassparameters

�
.
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Figure 2: First order allpass-transformedanalysisfilter
bank: Frequency resolutionfor
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3. NEAR-PR SYNTHESIS FILTER BANK

When designing an overall PR or near-PR analysis-
synthesissystemwith the allpass-transformedDFT bank
from section2, we requireboth the analysisand synthe-
sis subbandfilters to be stableandcausal.Therefore,it is
not possibleto usea simple inverseof all allpasstransfer
functions(of non-zeroorder)in thesynthesisfilter bank.In
thissectionwepresentanovel synthesisstructure,which is
only basedon FIR subbandfilters andthusavoids all sta-
bility problems. Furthermore,it leadsto near-PR for the
correspondingnon-criticallysubsampledanalysis-synthesis
system.For simplicity reasonswe restrictourselvesin the
following to allpasstransformsof first orderasdiscussedin
section2.2(b).

3.1. BasicIdea

In orderto explain thebasicideaof our approachwe begin
with asimplenon-subsampledthree-channelsystem,which
is givenin Fig. 3. Herein,

�x�8�u�
is chosenasthefirst order
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Figure 3: Simple three-channelallpass-basedanalysis-
synthesissystem

allpass
� S ����� (4) with parameter

�
, and · �8�u� is definedas· ����� � +¸� � �#¹ q � -s+º�u» �s� � � ¹*�oi � qx� � -s+º�u» ��� � � ¹*� » � qq [*[)[ qg� ¹*� » � -Q+¼� » ��� �ji q½� ¹*�oi (7)
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with ¾¿]À^ ` . Theoverall transferfunctionof thesystemin
Fig. 3 canthusbestatedwith · n ����� � - asÁ ����� � � � » ¹ q � �o¹ � S ����� · �8�u� q � »S ����� · » ����� ( (8)

For theproduct
� S �8�u� · �8�u� wenow obtainwith (4) and(7)

theexpression� S �8�u� · ����� � � �oi +��-Q+�� � �oi � -Q+�� � �oi �j��� � � ¹*�ji � qq � � � ¹*� » � �ºq [*[)[ q � �oi � ¹*� » qg� ¹*�oi � "� � �#¹ +�� ¹ � � �o¹ q½Â � � "�¾ � ( (9)

Since Ã � Ã �Ä-
, we canselecttheorder ¾�]�^ ` of the FIR-

filter · �8�u� suchthatwehaveanapproximatecompensation
of the phasedistortionsintroducedby the allpassfilter up
to a certainerror

Â � � "�¾ � . Thiserrorcanbemadearbitrarily
small at the expenseof additionaldelay. Thus,(9) canbe
approximatedas � S ����� · �8�u�ÆÅe� �o¹ " (10)

and the overall transfer function (8) now becomesÁ �8�u��Å £ � � » ¹ .
Notethattheanalysis-synthesissystemin Fig. 3 canbe

regardedasageneralized(allpass-based)”delay” chainwith
a near-PR property, where in order to obtain a sufficient
compensationof the allpassphasedistortions,the system
delaymustbeincreasedby a factor ¾ .
3.2. GeneralSynthesisStructur e
Based on the phase compensationapproachdiscussed
above, we are now able to constructa near-PR synthesis
filter bank,whentheprototypesaredesignedappropriately
(seebelow). We restrictourselvesto prototypeswith iden-
tical lengthson theanalysisandthesynthesisside.

(a) Case Ç�ÈÉ�ËÊ . Theresultingmodifiedsynthesisstruc-
ture for this specialcaseis depictedin Fig. 4, wherethe
synthesisprototypeof length R&Ì�� �

is denotedwithÍ ��VW� . Whenwenow considerthenon-subsampledcasewith/ �XÎ - for !É�e'�"*()()()" �
+Ï-
andchoosethesynthesispro-

totypeaccordingto Í � R S +�-Q+ VW� � -DÐ U ��VW� , U ��VW�ÒÑ�e' for
all
V �Ó'�")(*()(�"�R S +�- , we canseethat the only distortion

in thereconstructedsignalis dueto thenon-idealbehavior
of thecompensationfilter · ����� . Notethatfor

� �Ô£ after
somestructuralsimplificationswe againobtainthesystem
in Fig. 3.

(b) Case Ç�È�ÕÖÊ . For longer prototypes withRTS×�eR�ÌØ�ZY � and YÙ� � "�£�"*()()( the resultingsynthe-
sisstructureis depictedin Fig. 5. Again, if theprototypeis
designedappropriately, the overall analysis-synthesissys-
tem yields near-PR,which will be shown in the following
for thenon-subsampledcase. In a first stepwe redraw the
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Figure4: ModifiedDFT synthesisfilter bank, R&ÌQ� �
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Figure5: ModifiedDFT synthesisfilter bankfor R Ì Õ �
synthesisfilter bankin Fig. 5 asdepictedin Fig. 6, where
the modified (type 1) ”polyphasecomponents”

�� b ����� are
definedas�� b �8�u� � h �oikl6mon Í ��p � q d � · � 	 � h � l � � b �oi � �����j� � 	 ¹ l

(11)

with dÉ��' ")()(*(�" � +.-
. Furthermore,thepolyphasematri-

cesof themodifiedDFT filter bankfor thenon-subsampled
casemaybewrittenas� � ����� �e�
		�� ��� S �8�u�w� "�
 � ����� ��� �8�u� � 	¿(
Herein, � ��� S �8�u�w� is definedas� �8� S �8�u�w� � � � n ��� 	S �8�u�w��  �S ����� � i �8� 	S �����%���
with thediagonalmatrices� n ��� 	S �8�u�w� � diag

� a n �8� 	S �����%� ")()(*()"�a  � �oi ��� 	S �8�u�w� 
 "� i ��� 	S �8�u�w� � diag
� a  � �8� 	S �����%� ")()(*()"�a 	 �oi ��� 	S �����%� 
 (
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Figure 6: Alternative structurefor the synthesisbank in
Fig. 5 (seetext).

Likewise,wehave� ����� �
8 � �  :9�<; i �8�u� ; n �8�u�>=
with ; n ����� � diag

� ��  � �oi ����� " ��  � � » ����� "*()(*()" �� n ����� 
 "; i ����� � diag
� �� 	 �ji �8�u� " �� 	 � » ����� "*()()()" ��  � ����� 
 (

Basedon this notation, the requirementfor the overall
transferfunction of the near-PR analysis-synthesissystemÁ �8�u�@?Åz� �BA canbestatedasÁ �8�u� ��C ¹ ����� 
 � ����� � � �8�u�EDW����� ?Åe� �FA " (12)

where
Dj�8�u� � � - " � S ����� ")(*()(�" �  � �oiS ����� 
�G and C ¹ �8�u� �� � � �  � �ji � ¹ " � � �  � � » � ¹ ")(*()(*" - 
 . Whenwe furthermorede-

fine thematrix H ����� � diag
� · n ����� "�·xi ����� "*()()(*"w·  � �oi ����� 


andchoosetheorder ¾ of thecompensationfilter · �8�u� ap-
propriately, it is obviousfrom thediscussionin section3.1
that C ¹ ����� H �8�u�EDW�����TÅ � � � � �  � �ji � ¹ ( (13)

Comparingthis with theright-handsideof (12) we cansee
thatthecondition� ����� � ��� S �8�u�w� ?� �� � �BI H ����� with JX] ^ ` (14)

mustbesatisfied,whereweassumethatthephasecompen-
sationerror

Â � � "w¾ � representstheonly distortionin the re-
constructedsignal. From(14) we canobtainthe following
conditionsfor thepolyphasecomponents:� �  K9� �� 	 �oi�� � �8�u� a � �8� 	S �����%� q �  �S ����� ��  � �oi�� � �8�u� [[Wa  �  �� ��� 	S �8�u�w� ?� �� � �BI · � ����� (15)

for !v�Z' " - ")()(*(�" 	 » +&- . In orderto fulfill (15)theparameterJ hasto bechosenas JÒ� Í � ¾ q 	 » ¾ , Í ]_^ ` , whichleads
to anoveralldelayof LÓ� Í � ¾ q � � +�- � ¾ samples.

Whenwehavea linear-phaseprototypeU ��VW� � Í ��VW� �U � R S +À-�+ VW� satisfying(15) it canbeshown thatits type1
polyphasecomponentsalso satisfy the PR-conditionsfor
thetwofold oversampledDFT filter bank[5] givenasa � �8�u� a 	 �oi�� � �8�u� q a ��   � ����� a  � �oi�� � �8�u� ?� �� � � � h �Gi � (

(16)

Clearly, sincethe allpass-transformedsystemhasbeen
obtainedby a frequency scaletransformationfrom a uni-
form DFT bank, the samedesigncriteria hold for linear-
phaseprototypes,which do not introduceany additional
non-linearphaseinto thesystem.Thus,it is possibleto use
a linear-phasepseudo-QMFdesign[4] aswell. As wehave
seenabove,in thenon-subsampledcaseadesignvia thePR
conditionsfor theuniformcaseonly leadsto distortionsdue
to thephasecompensationerror

Â � � "�¾ � , whereasa pseudo-
QMF approachalsointroducesadditionallineardistortions
into the reconstructedsignal. In the more importantsub-
sampledcasethealiasingcomponentsshouldbesuppressed
by a sufficient stopbandattenuationof theprototypefilters.
However, critical subsamplingwithout strongaliasingdis-
tortionsin thereconstructedsignalis not possiblehere(ex-
actly asfor theuniformDFT filter bankwith R S Õ � [9]).

Note that for long prototypefilters with high stopband
attenuationthelengthof theallpasschainincreases,which
alsoleadsto an increasedoverall systemdelay. This prob-
lem will beaddressedin thenext section.

4. IMPROVED DESIGN WITH LIFTING SCHEMES

Lifting is a techniquefor the constructionof biorthogonal
waveletbases.However, it hasbeenshown in [3] thatlifting
canalsobesuccessfullyappliedto thedesignof PRcosine-
modulatedfilter banks. By applying lifting anddual lift-
ing stepswith differentamountsof additionaldelayto the
polyphasecomponentsof theprototypefilter, the lengthof
the filters can be increasedwhile constrainingthe overall
delayto a desiredvalue.

In thefollowing wepresentanadaptationof this lattice-
like structureto the allpass-transformedDFT filter bank,
wherein a first stepthe PR-conditionsin (15) for every !
canbewrittenasM NBO-P$QSRT P$UWVXV@Q  �T P$UWV)N OZY  � P$QSRT P$UWVXV\[^]`_ U1a  b9�dce R aFfXa O P$UWVce  � aFfXa O P$UWVhgijlkm U aonqp O P$UWVsr
Theidentity matrix is thenreplacedby tx�vuxw � uyw � �oi ,
wherefor examplein a zerodelaylifting stepthematrices

4



w and u aredefinedaccordingtouzu �oi � � - '{ �  �S ����� - � � - '+ { �  �S �8�u� - � �|tD"wbw �oi � � -~} �  �S �8�u�' - � � - +�} �  �S �����' - � ��tD(
Herein, the parameters{ and

}
denotefree parameters,

which canbe utilized to improve the stopbandattenuation
of the prototypefilter. The resultingallpass-transformed
zero delay lifting structurefor the analysisfilter bank is
depictedin Fig. 7. This approachcanalsobe usedto de-

��� �5� ��0� � �
�"� � � ������ ���� � ��� �

�

�� �5� �� � ��� � �5� �� � ���
� � �5� ��0� � �� � �$�\� � � � ���� � ��� �

�5� ��1� ��� ��� � � ���� �$� � �+� ���� � � � �
��� � � ���� �\�$� � � � ���� � ��� �

�5� ��0� ��� � � �\� � � � ���� � ��� �
� � � ���� � ��� �

�5� �� � � � � � � � � � ���� � ��� � �5� ��1� ��� ��� � � ���� � � � � ���� � � � �
Figure7: Allpass-transformedzerodelay lifting anddual
lifting stepfor theanalysisfilter bank

sign a single lifting stepfor the allpass-transformedfilter
bank,which increasesthedelayby

��� ¾ samples.There-
sultingnon-uniformresolutionanalysisfilter bankbasedon
allpass-transformedlifting stepsis shown in Fig. 8. The
synthesisfilter bankmay be derived by the inverselifting
operations.Furthermore,the overall systemdelaycanbe
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Figure8: GeneralizedpolyphaseDFT analysisfilter bank
usingallpass-transformedlifting steps

givenas L � Í » � ¾ q � � +�- � ¾ with Í » � � Y_� +�- � q·¶ I ,
where R�S"¸Q� Y_� � denotesthe lengthof the initial proto-
typeand

¶ I thenumberof thesingledelaylifting steps.

5. DESIGN PROCEDURE AND EXAMPLES

In thefollowing designexampleswe assumeidenticalpro-
totypesU ��VW� � Í ��VW� on theanalysisandsynthesissidefor
simplicity reasons.

5.1. Prototypedesign
In orderto designtheprototypefilterswecansimplyutilize
the lifting stepsfor the uniform casewith

� � ' , where
a rectangularwindow of length

�
is appliedasan initial

solution. Note that it is also possibleto usea longerPR
oderPQMF linear-phaseprototypeasan initial filter. We
thenapplyzerolifting andsinglelifting stepssuchthatthe
desiredoverallsystemdelayof L\� � £ �Ö+Q- � ¾ is achieved.
Thefreeparametersin the lifting blocksareobtainedvia a
nonlinearoptimizationunderadditionalminimizationof the
prototype’s stopbandenergy. Fig. 9 shows the magnitude
frequency responsesfor two designexamples.The design
parametersarechosenas

(a) R S ��¹»º , R S ¸��e¡ , � �e¡ , LÓ� � £Æ¾ , and

(b) RTSX� -�¼u�
, R�S�¸�� � º ,

� � � º , LÓ�¾½ - ¾ .
5.2. Designexamples
(a) Case Ê �v¿ . In this examplewe apply theprototype
filter designedin section5.1(a)to the allpass-transformed
analysis-synthesissystemwith

� �Ô'�( - and ¾�� ¤ , leading
to a delayof L � - - ¤ samples.Themagnitudefrequency
responsesof the analysis subbandfilters are shown in
Fig. 10(a)andtheoverall amplitudedistortionfor thenon-
subsampledcase,which is only dueto thephasecompensa-
tion errorof Ã Â � � "�¾ � Ã�� - 's�BÀ , is depictedin Fig. 10(b).The
aliasingdistortion in the reconstructedsignal for the sub-
sampledcasewith / �ÉÎ � , ! � '�"*()()()" �,+Z-

, is givenin
Figure11. Herethesolid line correspondsto theresultfor� ��' ( - and ¾��
¤ , whereasthe dashedline denotesthe
choice

� �Ö'�( £ with ¾v� - ' ( LÄ�Á½ - ' samples).Notethat
thealiasingerrorcorrespondsto thestopbandattenuationof
theprototypefilter.

(b) Case Ê �ÃÂÅÄ . Here,we usetheprototypefilter from
the example in section5.1(b), where the magnitudefre-
quency responsefor thesubbandfiltersandthealiasingdis-
tortion for the parameters

� � '�( £ , ¾z� - ' (resultinginL\�Æ½ - ' samples),/�� Î º aredepictedin Fig. 12.

6. CONCLUSION

We have presenteda novel designapproachfor a stable
(FIR) synthesisfilter bank,whichcorrespondsto anallpass-
transformednon-uniformoversampledDFT analysisbank.
It hasbeenshown thattheoverallanalysis-synthesissystem
satisfiesthe near-PR property, wherethe nonlinearphase
distortionintroducedby theallpass-transformin theanaly-
sis filter bankis almostcanceledby FIR compensationfil-
ters in the synthesisbank. Furthermore,the overall sys-
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Figure9: Magnitudefrequency responsesfor two prototype
designexamples:(a)

� �e¡ , R�SX�Ç¹-º , RTS"¸��e¡ , L � � £Æ¾ ;
(b)
� � � º , R�SX� -�¼��

, RTS"¸�� � º , L\��½ - ¾
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Figure 10: Overall analysis-synthesissystem(parameters� �Z¡ , � �z'�( - , ¾0�z¤ , prototypefrom Fig.9(a)): (a)Mag-
nitudefrequency responsesfor thesubbandfilters,(b) over-
all amplitudedistortionfor /�� Î - .
tem delay can be efficiently reducedby applyingallpass-
transformedlifting stepsto the polyphasecomponentsof
theprototype.Theresultingdistortionandaliasingcompo-
nentsin the reconstructedsignalaresmall andcorrespond
to thestopbandattenuationof theprototypefilter.
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