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ABSTRACT

In this paper, the methods for use of prior information

about the operating environment, in improving adap-

tive �lter convergence properties are discussed. More

concretely, the gain selection, pro�ling and scheduling

in steepest descent algorithms is treated in detail. Op-

timality criteria for steepest descent gains is derived, its

impact on the residual mean square error is analyzed,

and results are extended to aÆne �ltering algorithms.

Further, it is demonstrated that optimal update gains

are closely connected to the Newton's adaptation algo-

rithm. It is demonstrated that with no added complex-

ity a substantial increase of convergence rate of steepest

descent algorithms can be achieved.

1. INTRODUCTION

Due to their low implementational cost and good nu-

merical properties, steepest descent techniques play im-

portant role in modern signal processing applications.

They can be applied in adaptive elements such as feed-

forward equalizer (FFE), decision-feedback equalizer

(DFE), near end crosstalk (NEXT) cancellers (NC),

and echo cancellers (EC).

A typical application environment for steepest de-

scent techniques in NC and EC is given in Figure 1.

The convergence of the iterative algorithm is gov-

erned by the di�erence equation:

vn+1 = (I� �R
xx
)vn

vn = fn � f�
(1)

where f represents the �lter coeÆcient vector, v rep-

resent sthe �lter coeÆcient error, and Rxx denotes the

autocorrelation matrix of the signal . Relationship (1)

indicates that in order to ensure the stability of the al-

gorithm one needs to choose the adaptation step to be

within bounds: 0 < � < 2
�max(Rx)

. Larger values of the

adaptation step lead to faster convergence, but increase

Figure 1: Common adaptive system adapting to minimize

the residual error.

the residual error and may potentially render the algo-

rithm unstable. In practical applications, such prob-

lems are usually resolved with adaptive change of the

adaptation step size [1], or with a conservative choice

of �xed step size[2].

More concretely, the convergence of the steepest de-

scent algorithm is governed by the smallest eigenvalue

of the correlation matrix [7] via:

�n �
1

��n
; (2)

where, �n is the time constant corresponding to the

eigenvalue �n. Equation (2) indicates that while the

adaptation step-size is limited by the reciprocal of the

largest eigenvalue, the smallest eigenvalue is the one

that governs the convergence of the slowest mode. The

relationships (1) and (2) expose the fundamental prob-

lem of application of steepest descent procedures to

problems with large eigenvalue disparity.

In this paper the problem of update pro�ling and

scheduling of steepest descent algorithms is treated. It



is shown that with some prior knowledge, and with-

out any added computational complexity, perfor-

mance of steepest descent algorithms can be substan-

tially improved. The improvement is commensurate to

the eigenvalue spread of the correlation matrix. More-

over, the results obtained for traditional steepest de-

scent algorithms are straightforwardly extended to the

class of aÆne update algorithms.

2. FORMULATION OF THE GRADED

UPDATES PROBLEM

A practically more appealing version of steepest de-

scent procedure is the least-mean-square (LMS) algo-

rithm. In the LMS algorithm the gradient is substitut-

ed by its instantaneous estimate:

r = "kxk = rdx; k � xkx
0

k
f � (dk � x0

k
f)xk (3)

Inclusion of the 3 in the gradient update yields:

fn+1 = fn + �"nxn: (4)

De�nition: Graded Update Gains (or Graded Up-

dates) refers to the application of di�erent gain to every

coeÆcient (tap) in the vector implementation of the s-

teepest descent based algorithm.

In graded update version therefore, every coeÆcient

of the �lter f has a di�erent update rate �k. Thus (5)

changes to:

fn+1 = fn +M"nxn: (5)

where M is the diagonal matrix:

M =

2
6664

�1 0 : : : 0

0 �2 0
. . .

0 0 : : : �N

3
7775 (6)

and the error evolution equation (1) becomes:

vn+1 = (I�MRxx)vn (7)

The main problem treated in this paper is one of

�nding optimal diagonal matrix M such that the de-

scent rate is maximized. The application of graded up-

dates in LMS �ltering have been long used and consid-

ered. However, the methods of determination of grad-

ed update gains have been mostly heuristic. Most of

authors dealing with this problem [4, 5] concentrated

on the expected value of �lter coeÆcients and adapt-

ed coeÆcients of larger magnitude with larger update

gains. In this paper it is shown that contrary to the

popular belief, optimal graded update gains may only

coincidentally be connected to the expected value of

coeÆcients.

Two 
avors of the problem are treated: in Section

3, the problem of determining M with partial statisti-

cal knowledge is treated. In Section 4, more complete

problem of full statistical knowledge is solved. Sec-

tion 5 treats the extension of the presented methods

to aÆne �ltering gain selection. Section 6 treats the

excess Mean Square Error (excess MSE) computation,

while Section 7 presents some numerical examples.

3. MAXIMUM ENTROPY APPROACH -

USE OF PARTIAL STATISTICAL

KNOWLEDGE

The basic idea behind the solution of the graded up-

dates problem is minimization of the expected error

variance at every iteration. This optimization pro-

cedure yields (possibly time varying) set of gains M

which allow fastest descent down the expected quadrat-

ic bowl.

In case when initial error statistics is unknown, or

disregarded, the designer can then adopt the maximum

entropy approach and assume white statistics of initial

error. Let Q be the matrix that diagonalizes ( 7):

~vn+1 = Qv
n+1 = Q (I�MRxx)Q

0Qvn = �~vn (8)

Proposition 1: If x is white (i.e. Efxx0g = �2I, and

Q is an orthogonal matrix, then ~x = Qx is also white.

Proof: Ef~x~x0g = QEfxx0gQ0 = �2QQ0 = �2I, QED.

Via Proposition 1, if v is assumed to be white, then

~v is also white. Expected value of the norm of ~vn+1 is

then minimized when sum of squared eigenvalues (on

the diagonal of) � is minimized, since:

Ef~v0
n+1~vn+1g = Efv0�2vg =P

N

i=1 �
2
i
Ef~v2

n
(i)g =

�2~vn
P

N

i=1 �
2
i

(9)

The solution to this problem corresponds to the op-

timal M which is the diagonal approximation to the

inverse of the Rxx in Frobenious norm:

M = argminkI�MRxxkF (10)

Due to its speci�c structure, the problem can be repre-

sented as a set of column-wise optimization problems:

min ke1 �M(1; 1)r1k2
min ke2 �M(2; 2)r2k2
...

min keN �M(N;N)rNk2

(11)



Where ri is the ith column of Rxx and ei is the ith

column of I. Each of these optimization problems can

be solved easily to yield the general solution:

M(i; i) =
e0
i
ri

krik2
=
Rxx(i; i)

krik2
(12)

4. USE OF COMPLETE STATISTICAL

KNOWLEDGE

In physical systems, the statistics of the initial error is

often non-white. A good example is a design of Feed-

Forward Equalizer (FFE) linear �lter. FFE taps often

exhibit the alternating coeÆcient signs (due to its high-

pass nature). Hence at least initial correlation of the

error vector is going to be non white. In this section

the possibility of use of initial information on error s-

tatistics is explored.

To derive the optimal graded update gains matrix

M, from (7) �rst compute the dynamics of the �lter

error norm v0
n
vn:

v0
n+1vn+1 = v0

n+1 (I� �R
xx
)
0

(I� �R
xx
)vn+1 (13)

Using the fact that the trace of a scalar is equal to

the scalar and linearity of the expectation and trace

operators derivation follows:

�2
v
[n+ 1] = Efv0

n+1vn+1g

= E
�
Tr
�
v0
n
(I� �R

xx
)
0

(I� �R
xx
)vn

		
= E

�
Tr
�
(I� �R

xx
)
0

(I� �R
xx
) vnv

0

n

		
= Tr

�
(I� �R

xx
)
0

(I� �R
xx
)Rvv [n]

	
= Tr fRvvg�

Tr f(2R0

xx
M�RxxR

0

xx
MM)Rvv[n]g

(14)

Noting that Tr fRvvg = Efv0
n+1vn+1g = �2

v
[n], we for-

m the problem of �nding M as an optimization prob-

lem:

max
M diagonal

k�2
v
[n]� �2

v
[n+ 1]k (15)

Maximization of the di�erence between two subsequent

errors ensures the maximization of the convergence rate

of the algorithm. Cost function in (15) can be rewrit-

ten:

min
M diagonal

Tr fRvv [n]RxxR
0

xx
MM� 2Rvv[n]R

0

xx
Mg

(16)

subject to M diagonal.

Proposition 2: Stationary points of (16) correspond

to the global maxima.

Proof of the Proposition 2 is straightforward and relies

on the positive de�nite nature of correlation matrices

Rxx and Rvv , and their product.

Di�erentiating (16) optimality criteria for M be-

comes:

2RvvRxx (I�MRxx) = 0 (17)

While this form reveals that the direction of graded

updates should be to approximate the inverse of Rxx

by a diagonal matrix, it is not clear how to incorporate

the diagonality constraint.

Since the optimization is performed over a quadrat-

ic bowl (it is easy to expand the problem in (15) to its

full quadratic equivalent by adding a positive constan-

t), Proposition 3 follows:

Proposition 3: Consider the following optimization

strategy for problem in (15): �rst �nd the optimal so-

lution M = R�1
xx
, and then �nd the matrix M closest

to the R�1
xx

in Frobenious sense. Such matrix will be

the optimal constrained solution of problem in (15).

Optimizat ion
surface
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Globa l  m in imum
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Figure 2: Illustration of optimization principle.

Proof: It is suÆcient to consider one dimension-

al problem: f(x) = ax2 + bx + c, for a < 0, and

with minimum x� = �
b

2a
. Now, consider two pos-

sible constrained solutions x1 and x2 with respective

distances d1 and d2 from x�, as in Figure 2. Assume

also jd2j < jd1j. Then following holds:

f(x1)� f(x2) = f(x� + d1)� f(x� + d2) =

= (d1 � d2)(2ax
� + a(d1 + d2) + b) =

= d21 � d22 > 0

(18)



Hence, closer solution will always yield smaller perfor-

mance measure. QED.

Some notes are due: First, the information about

the statistics of the error was never used. Second, it

can be trivially shown that optimization problems in

( 10) and in ( 17) yield di�erent results. Subtle di�er-

ence is that optimizationM = argminkI�MRxxkF , is

di�erent from optimizationM = argminkM�R�1
xx
kF .

While �rst optimization rule minimizes the sum of squared

eigenvalues (without regard to their respective sizes),

therefore minimizing the expected descent rate, second

one targets the largest eigenvalue (due to the optimiza-

tion on a quadratic bowl) and reduces it as much as

possible, therefore maximizing the actual descent rate

and eigenvalue disparity. Obviously from the point of

convergence rate second approach is superior.

Moreover, it is important to note, that solution

of ( 17) is a close cousin of the Newton's algorithm.

The descent strategies derived from Newton's algorith-

m have a general structure [2]:

fn+1 = fn + �R�1
xx
"nxn (19)

Diagonal approximation of R�1
xx

and full Newton's

algorithm are only two ends of the spectra of algo-

rithms which span di�erent approximations of R�1
xx
.

In-between there is number of approximations that can

be applied to aÆne �ltering.

5. EXTENSION TO OPTIMAL UPDATES

IN AFFINE FILTERING ALGORITHMS

While straightforward use of graded updates for sta-

tionary signals yields performance advantage, with a

bit of extra work, great deal of convergence speed im-

provements can be obtained.

The idea here is to use the local correlation in the

signal (i.e. correlation of adjacent symbols) in order to

accelerate the convergence of the algorithm. Reformu-

lation of the algorithm to include this information is

straightforward:

fn+1 = fn +M"nxn (20)

and

M =

2
6664

�1 �12 0 : : : 0

�12 �2 �23 0
. . .

0 0 : : : �N1;N
�N

3
7775 (21)

As it was shown in the previous sections, the optimal

solution for matrix M is the approximation of the in-

verse of the covariance matrix by a symmetric con-

strained matrix. Constraint on the approximation of

R�1
xx

determines how many sub-diagonals are used for

approximation. Construction of gain matrixM follows

from previous section by retaining the main diagonal

and desired number sub-diagonals.

6. ERROR DYNAMICS

As in ordinary LMS algorithms it is possible to investi-

gate the dynamics of the error, and estimate the excess

MSE (EMSE) due to the uncertainty in the gradient

estimate.

Using the error evolution from Section 1, the er-

ror vector of the LMS update with graded coeÆcients

obeys the following di�erence equation:

vn+1 = (I�MRxx)vn �Mnn (22)

where nn is the error contributed due to the instanta-

neous estimate of the steepest descent direction. If Q

is a matrix that diagonalizes the product MR, so that

QTMRQ = � then the error dynamics in rotated co-

ordinates takes the form:

v0n+1 = (I��xx)v
0

n � n0n (23)

where v0 = vQ and n0 =MnQ are the rotated versions

of the coeÆcient vector and noise vector. Excess MSE

contribution per coordinate is then:

�excess(j) =
Efn0(j)2g

2�j � �2
j

(24)

and complete excess MSE expression takes form of:

�excess = �N�1
j=0

Efn0(j)2g

2�j � �2
j

(25)

Vector n0 is zero mean, and with correlation matrix

Rnn = MQ0�Q. Unfortunately, past this point, not

much can be said in general about the behavior of the

error without going into the speci�c cases of the corre-

lation matrix.

7. EXAMPLE

Consider an example of correlation matrix:

Rxx =

2
66664

1:2446 0:7140 0:5580 0:4961 0:0720

0:7140 1:2446 0:7140 0:5580 0:4961

0:5580 0:7140 1:2446 0:7140 0:5580

0:4961 0:5580 0:7140 1:2446 0:7140

0:0720 0:4961 0:5580 0:7140 1:2446

3
77775

(26)

corresponding to a baseband transmission channel. Eigen-

values of the correlation matrix are Spectrum(Rxx) =



f0:6032; 0:5253; 0:3220; 1:2560; 3:5165; g indicating that

the maximum adaptation step size is �max = 0:2844.

The eigenvalue spread for this matrix is 10:92.

Inverse of the correlation matrix is computed to be:

R�1
xx

=

2
66664

1:48 �0:73 �0:23 �0:45 0:57

�0:73 1:62 �0:44 0:07 �0:45

�0:23 �0:44 1:52 �0:44 �0:23

�0:45 0:07 �0:44 1:62 �0:73

0:57 �0:45 �0:23 �0:73 1:48

3
77775

(27)

yielding the graded update gains:

M =

2
66664

0:074 0 0 0 0

0 0:081 0 0 0

0 0 0:076 0 0

0 0 0 0:081 0

0 0 0 0 0:074

3
77775

(28)

and update gain matrix for aÆne �ltering:

M2 =

2
66664

0:074 �0:037 0 0 0

�0:037 0:081 �0:022 0 0

0 �0:022 0:076 �0:022 0

0 0 �0:022 0:081 �0:037

0 0 0 �0:037 0:074

3
77775

(29)

Optimization with white error constraint yields:

Mwhite =

2
66664

0:474 0 0 0 0

0 0:398 0 0 0

0 0 0:390 0 0

0 0 0 0:398 0

0 0 0 0 0:474

3
77775

(30)

The error dynamics for four algorithms under consid-

eration is shown in Figure 3. For a given example,

dashed line in Figure 3 presents the error dynamics

of the standard uniform gain steepest descent algorith-

m. Dash-dotted line with slightly higher descent rate

presents the maximum entropy approach which mini-

mizes the trace of I�MR
�1
xx
. Solid line with signi�-

cantly higher descent rate shows the error dynamics of

the graded update steepest descent algorithm with M

set to the diagonal of the inverse of the correlation ma-

trix. Dotted line with yet higher descent rate presents

the error dynamics of the aÆne algorithm of order 3,

using M2 grading matrix.

It is interesting to note that for a di�erent correla-

tion matrix:

Rxx =

2
66664

2:0245 0:0476 0:0450 0:0270 0:0046

0:0476 2:0245 0:0476 0:0450 0:0270

0:0450 0:0476 2:0245 0:0476 0:0450

0:0270 0:0450 0:0476 2:0245 0:0476

0:0046 0:0270 0:0450 0:0476 2:0245

3
77775

(31)
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Figure 3: Illustration of the performance of four algorithms

for a relatively large eigenvalue disparity case: LMS with

uniform update rate (dashed), LMS with maximum entropy

computed graded update (dash-dotted), LMS with inverse

Rxx graded update (solid) and LMS with aÆne updates

(dotted).

with a smaller eigenvalue spread of 1:1112, and gain

matrices selected in same manner as in the previous

example, the error dynamics looks quite di�erent. Fig-

ure 4 shows error rate dynamics of four investigated

algorithms. The convergence rates are more similar for

variations of graded steepest descent algorithms, and

they do not di�er as much from ones obtained with the

single update version. Reason for such behavior is the

structure of the correlation matrix which is much closer

to the diagonal matrix when eigenvalue spread is small.

The inverse of the correlation matrix is then going to

have a diagonal with nearly uniform elements yielding

therefore nearly uniform optimal graded update gains.

8. CONCLUSIONS

In this paper the use of prior information to select the

optimal update pro�le for vector steepest descent al-

gorithms was considered. The optimal update pro�le

(graded update gains) design procedure has been out-

lined for an arbitrary descent algorithm. Two 
avors

of graded updates have been discussed: �rst originat-

ing in maximum entropy principle and yielding the set

of gains that reduce the sum of squared eigenvalues of

I�MRxx, and second which reduces the largest eigen-

value of I�MRxx. The principle of graded updates
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Figure 4: Illustration of the performance of four algorithm-

s for small eigenvalue disparity: LMS with uniform update

rate (dashed), LMS with maximum entropy computed grad-

ed update (dash-dotted), LMS with inverse Rxx graded up-

date (solid) and LMS with aÆne updates (dotted).

was extended to aÆne �ltering algorithms for which

optimal update matrices have been designed. It was

indicated that bene�t from application of graded up-

date gains increases with eigenvalue disparity of the

correlation matrix Rxx.
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