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ABSTRACT

Angular filter banks are frequency selective filters
and decimators that decompose an image into direc-
tional subbands. In their most efficient form, they
employ the use of 1-D lowpass/highpass filters in con-
junction with resampling matices to achieve a max-
imally decimated directional representation. If the
filters are designed properly, these filter banks can
preserve all the signal information, thereby allowing
the original image to be reconstructed exactly. To
achieve useful high quality decompositions, the un-
derlying lowpass/highpass filters in the bank should
have good frequency response characteristics. Design
techniques for such 1-D constituent filters are now
well known, virtually all of which operate in floating
point precision. Filter banks that operate with fixed
point arithmetic are also available and often employ
well know techniques for handling fixed point overflow
and accumulation errors. Less well known are filter
banks that operate in a finite field. In such cases, an
N-bit input image produces N-bit subband images, in
contravention to conventional filter banks where the
dynamic range of the subbands is expanded dramat-
ically. For processing binary image, the finite field
condition can be attractive if the desired subband out-
puts are to be binary.

This paper proposes a novel exact reconstruction
angular filter bank that returns a binary angular rep-
resentation for a given binary input. This is achieved
by using principles from finite field theory and non-
linear filter bank reconstruction. The application of
these filter banks to real world problems is not the
focus of this paper. However, mention of some pre-
liminary work is provided that suggests these filter
banks might we useful for object and character recog-
nition.
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1 Introduction

Typically image processing algorithms rely on
floating-point precision operations. In cases where
platforms contain fixed point processors, implementa-
tions are typically constructed with long word lengths,
special accumulation registers, and a rescaling strat-
egy, all of which effectively allows processing to be
performed in a way that emulates infinite precision
arithmetic. This is a common approach for most ap-
plications, where input signals are typically 8 bits, 16
bits, or floating point.

For binary images, such an approach can be inef-
ficient. Binary images are an important class of im-
ages that are becoming more and more common in
the signal processing field. Notable examples of ap-
plications involving binary images include noise re-
moval for fax documents, automatic handwriting-to-
print conversion and object recognition. For each of
these examples, the binary input images are processed
resulting in a binary output. To handle this case, one
can always operate in floating point to perform the
processing, and convert back to binary. This allows
a large amount of flexibility when conventional signal
processing methods (i.e. methods that include con-
volution and filtering) are employed. Ultimately, the
output will not be binary and a final operation will
have to be employed to threshold the result to force
it back to a one-bit form.

An interesting alternative to floating point pro-
cessing of binary images is to process the image in
binary—that is, to effectively perform binary convo-
lution and filtering, a.k.a. processing in GF(2). The
notion of filtering in a finite field has been considered
previously. But both flexibility and performance have
been limited, accounting for why such an approach
has not receive widespread attention and adoption.

Swanson and Tewfik [1] developed a binary filter
bank for a four-band rectangular subband decomposi-
tion on binary images. It was successful in producing
an intuitive binary equivalent of a four-band float-
ing point decomposition. Unfortunately, carryover
to other forms of filter banks is not possible by di-
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Figure 1: Two-band analysis-synthesis filter bank.

rect extension. As it turns out, the binary constraint
severely restricts design flexibility and limits perfor-
mance.

In this paper, we introduce an angularly oriented
directional filter bank for binary images, where the
output images represent geometrical feature compo-
nents of the input, equivalent to fan filter outputs.
Such a representation can be used for feature extrac-
tion, classification, and enhancement. The decompo-
sition is new in that in addition to the directional
orientation property, the input is binary, the outputs
are binary, and the reconstruction is perfect.

In the sections that follow, we will develop the the-
ory of finite field filter banks, discuss the new direc-
tional filter bank, show some examples of the decom-
position, and discuss possible applications.

2 Finite Field Filter Banks

The classical two-band analysis/synthesis filter
bank system shown in figure 1 is an example of a linear
time varying system that is critically sampled. The
system decomposes an input signal using a lowpass fil-
ter, Ho(z), and a highpass filter, H;(z). Reconstruc-
tion occurs through the dual filtering operation with
lowpass synthesis filter, Go(z), and highpass synthe-
sis filter, G1(z). If chosen properly, the filters perform
perfect reconstruction, i.e. X(z) = z7™ X (z) where
ng is an integer delay.

Finite field filter banks are similar to the afore-
mentioned system with the additional constraint that
the analysis output bit representation is constrained
to a preset number of bits. Vaidyanathan [2] origi-
nally introduced this idea motivated by an interest in
constraining the expansion of the dynamic range. A
typical image contains 8 bits or 256 amplitude levels.
Owing to the multiplication and addition operations
inherent in convolution, the resulting subbands gen-
erally experience a tremendous increase in the num-
ber of levels in the subband domain. Let us assume
that the input field size is N. A conventional filter
bank will produce a subband output with field size

M x N where M is governed by the filter coefficients.
In most cases M is extremely large. For example, if
we consider an eight tap QMF with two byte word
length and an eight-bit input, M is greater than 32-
bits in general. We, however, would like to constrain
M to be very small or ideally unity. This would re-
quire that our system operate in a finite field, such as
GF(N). We can meet this condition by using inte-
ger coefficients so that the filter bank can operate in
an integer field. If the filters are exactly reconstruct-
ing, we can perform all operations with wrap-around
arithmetic. Wrap-around arithmetic limits the filter
bank outputs to the finite field GF(N) by performing
all operations modulo-NNV.

Finite field filter banks are a simple extension of the
conventional system with all arithmetic operations
performed modulo-N. Reconstruction is performed
using the same modulo-N arithmetic in the synthe-
sis section and the bands are then combined using
modulo-N addition. At this point, a result matching
the input is not guaranteed. However, by applying a
mapping based on the filter gain, M, and the dynamic
range, N, perfect reconstruction occurs. Assume that
a given input image is of field size, N', and arithmetic
operations are performed modulo-N. To exactly re-
construct, we must map the output values found in
set B into set A where

A={0,.,N' =1} B=((M x A)x.

Under certain conditions this output Z will be an ex-
act match of the input image z. Two conditions are
required to obtain exact reconstruction. First, the
field size of the modulo operations must be greater
than or equal to N’, the field size of the input.
This condition is necessary to avoid information loss.
The second condition involves constraining the sys-
tem gain, M. M is dependent on the analysis and
synthesis filters, that is

M =} ko]l x D lgolnll) + Q_ [hafn]l x Y lga[n])

where hg[n] and h; [n] are the analysis filters and go[n)
and g1 [n] are the synthesis filters. To obtain exact re-
construction, M and N must be relatively prime, i.e.
have no common factors. While it is desirable to have
N = N', slightly adjusting N places less restriction
on the filter gain, M. Figure 2 illustrates the min-
imal differences between the conventional and finite
field filter bank structures. In contrast, the analysis
output differences are in general quite dramatic.
While the obvious difference in subband outputs is
the field size, a less obvious one is the great effect
of this constraint. This effect is controlled by two
variables, the system gain and the output field size
N. Wrap-around arithmetic dramatically changes the



Figure 2: Block diagram of two-band finite field filter
bank.
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Figure 3: The general polyphase structure.

output to one that is quite noisy. Essentially the orig-
inal image wraps around itself several times making
it quite difficult to recognize. In most applications, if
a finite field system is to be useful it must overcome
this wrap-around effect.

An alternative approach in the filter bank struc-
ture can alleviate some effects by performing both lin-
ear and nonlinear operations. Nonlinear filter banks
can be constructed using a ladder structure [3] [4].
Ladder structures were introduced many years ago
in 1977, but were somewhat forgotten owing to the
popularity of the polyphase structure. However, the
ladder structure has a powerful advantage in that it
can handle both linear and nonlinear operations. This
structure was explored more recently by Florencio and
Schafer [5], who arrived at a variant of the ladder by
generalizing the polyphase structure in figure 3. The
structure can be modified by allowing the filters f;;
and g;; to be nonlinear. The analysis section can be
expressed as a function of the downsampled inputs,

Yo[n] = foo(zo[n]) + for(z1[n])
y1[n] = fio(zo[n]) + fi1(z1[n])

where f;;(-) are the linear and nonlinear polyphase
analysis filters. Perfect reconstruction is performed by
summing synthesis filter outputs,

To[n] = goo(¥o) + go1(y1) T1[n] = g10(vo) + g11(¥1)

where g;;(-) are the linear or nonlinear filters. While
different filter possibilities exist, the condition of most
interest in this paper consists of foo(-) = f11() =
I(identity), and either fio(-) = 0 or fo1(-) = 0. The

other filter can be any linear or nonlinear transforma-
tion. Perfect reconstruction is obtained with goo(-) =
911() =1, g10(*) = fi0(*), and go1(-) = — f10(:). This
structure affords a large amount of freedom because
reconstruction for fo1(-) or fio(-) is straightforward.
Cascading sections enables one to perform analysis
similar to the classical structure which filters both
bands. For example, let us set fo1(-) = 0 with fio(-)
being any linear or nonlinear transformation. A sec-
ond stage would then be fi0(-) = 0 with fo1(-) being a
similar transformation. Cascading is crucial because
it allows us to achieve higher compaction.

3 Angular Decomposition

In this section, we will examine the 2-D case by ex-
tending the 1-D structure. We will then demonstrate
how this 2-D structure can be modified to perform all
operations in a binary field, GF(2). We begin with a
representation where the lowpass filter is a halfband
filter as in [6]. The equivalent analysis lowpass half-
band filter can be defined as

(=N + 271 8(%)
2

Hoy(z) =

Similarly, the analysis highpass filter can be expressed
as

Hy(2) = —a(2?)Ho(2) + 272NV 1.

In this paper we set a(z) = f(z) and choose a fil-
ter that has the acceptable filter characteristics. A
structure in this form is essentially a biorthogonal
polyphase system. As shown in Ansari [6], this sys-
tem can be transformed into a 2-D system by simply
replacing the transfer function 8(z) with 5(20)3(z1)
and delays z~! with 2-D delays z; '2;'. The desired
filter is determined by the decimation matrix. For ex-
ample, the first stage of a directional filter bank is
a fan filter, which is a modulated version of a dia-

mond filter. A diamond filter is formed by using a
i _11 ]. To achieve mod-
ulation, we can either modulate the input image or
modulate the filter. This is a key point because our
ultimate goal is to work with one-bit or binary images.
The well known definition of modulation is difficult to
determine in the binary field. We will avoid this is-
sue by choosing the option of performing modulation
on the filters. Thus, we set zg = —zo in Hop(20, 21)
and Hi(zp,21). After all of this we will obtain a fil-
ter bank that will divide an image into two angular
components. For the test image in figure 4 , figure 5
illustrates a two band directional decomposition with
a binary input and a grayscale output.

decimation matrix, M = [



Figure 4: Test image for angular filtering.

Figure 5: Comparison of a two-band angular decom-
position. Both directions of the grayscale decomposi-
tion are show in (a) and (b). The binary decomposi-
tions are show in (c¢) and (d).

We now wish to have a system where a binary in-
put results in a binary output. Suppose we have in-
teger halfband filters with 3 cutoff frequencies rather
than conventional ones. If we perform all arithmetic
modulo-2, we would have a binary output. The out-
put, as mentioned above, would have an undesirable
noisy appearance. However, this can be overcome.
If the filtering, 8(2¢)B(21), is calculated using float-
ing point operations then any further operation prior
to the combination with the downsampled image will
not affect the reconstruction. Three steps are required
to produce the field limited filtered image. First, we
filter the downsampled image with 8(z¢)B(z1). This
will create values within the range [—1,1]. Second,
we constrain the field to GF(2) by thresholding the
filtered image using

1 >0

To achieve the desired output, our last operation
quantizes a combination of this quantized image and
the downsampled image. This time the quantization
function is

1 z>1
fl@)= r<1

The transformation is now combined with downsam-
pled image in the upper branch through modulo-2 ad-
dition. Modulo-2 addition guarantees that the analy-
sis band output remains in GF(2). This additional
operation results in significantly less wraparound dis-
tortion. The output is similar to the grayscale output
in figure 5c. To represent the other angular direction,
we cascade a second stage. This stage also filters the
image using B(z9)B(z1) and quantizes with another
thresholding function. Due to the nature of the lin-
ear filters and the binary images, there are a few ad-
justments required. Increased ringing in the second
stage requires a different threshold value. Figure 5d
illustrates the other angular representation. It, too,
resembles the grayscale output band.

Reconstruction is performed by using the same non-
linear transformation and combining the inverse with
the band output. A reversal of the filtering order is
required to achieve perfect reconstruction. That is,
the second stage must be reconstructed prior to re-
construction of the first stage. With all operations
performed modulo-2, the output image 7 will exactly
match the input image z.

4 Examples and Applications

This directional filter bank can be extended to more
bands than two. For the purposes of this paper, we



Figure 6: Four-band binary angular decomposition.

have limited our discussion to a four band filter bank.
Bamberger [7] demonstrates how to extend this to
more than four bands through the use of a tree struc-
ture. Figure 6 shows the four different angles that
are represented in a binary output that resembles the
grayscale counterpart.

At this point, there are a few observations that we
must note. While the output resembles the grayscale
image, the output contains artifacts around the non-
represented angles. Deviations in a grayscale image
are more noticeable in an image of only two values.
Filtering binary images with linear filters also pro-
duces a great deal of ringing. Though varying the
threshold might alleviate a portion of the ringing, it
does not eliminate it completely. Subsequently, ring-
ing artifacts and other deviations propagate from one
level to the next. For example, notice that some resid-
ual information remains around the edges of the sup-
pressed angular components. This residual informa-
tion is not eliminated in the next stage. Rather, slight
exaggerations of this information occur in the next
level. This might be improved by using another filter,
such as one with nonlinear noise suppression. Im-
provement of the filtering remains an issue for further
research.

There are several possible application for this type
of filter bank such as image enhancement, character
recognition and handwriting-to-print conversion. One
interesting application is for use in automatic target
recognition(ATR). In [8], experiments were performed
using Higher Order Neural Networks (HONNs) to
classify various targets. To establish the architecture
for a network, HONNs use known relationships and
can incorporate translational, scale, and rotational in-
variances. However, HONNs become computationally
intensive when the input image dimensions are large.

HONNS use an interconnection weighting factor, w;;,
and excitation values, x;,to determine an output node
as

Yi = @(ijijxj + E]‘Ekwijkmjxk +...)

where © is a nonlinear threshold function. A third
order network output is

Yi = O, 20, X WijnTiThT1).-

As the size of the input increases, the number of pos-
sible triplet combinations increases. The interconnec-
tions become too large to store on most machines.

To circumvent this limitation, we will examine the
application of the HONNS to the subband outputs as
opposed to the input as in [8]. In [9], coarse cod-
ing was used to reduce the dimension. They have re-
ported good results for one-bit images. Coarse coding
performance is limited in that it may ignore geomet-
rical features that may aid in recognition. Directional
filter banks reduce image dimensions while maintain-
ing directional information. Directional filter banks
for binary images offer an alternative approach that
may improve object recognition.
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