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ABSTRACT

Despite their success in other areas of statistical
signal processing, current wavelet-based image mod-
els are inadequate for modeling patterns in images,
due to the presence of unknown transformations in-
herent in most pattern observations. In this paper we
introduce a hierarchical wavelet-based framework for
modeling patterns in digital images. This framework
takes advantage of the efficient image representations
afforded by wavelets, while accounting for unknown
pattern transformations. Given a trained model, we
can use this framework to synthesize pattern observa-
tions. If the model parameters are unknown, we can in-
fer them from labeled training data using TEMPLAR
(Template Learning from Atomic Representations), a
novel template learning algorithm with linear complex-
ity. TEMPLAR employs minimum description length
(MDL) complexity regularization to learn a template
with a sparse representation in the wavelet domain. We
illustrate template learning with examples, and discuss
how TEMPLAR applies to pattern classification and
denoising from multiple, unaligned observations.

1. INTRODUCTION

Wavelet decompositions often provide very parsimo-
nious image and pattern representations, and this fea-
ture has been exploited to devise powerful compres-
sion, denoising and estimation methods [1]. Although
wavelets provide sparse representations for many real
world images, it is difficult to develop statistical models
for patterns based directly on wavelet coefficients. This
is because in many (perhaps most) applications, the
pattern of interest undergoes an unknown or random
transformation during data acquisition (e.g. variations
in illumination, orientation, translation, and perspec-
tive). Modeling the wavelet expansion of such trans-
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formed data leads to distorted components, or even
components that model the transformations instead of
the structure of the underlying object or pattern.

The objective of this work is to introduce a wavelet-
based framework for modeling pattern observations
that have undergone random transformations in the ob-
servation process. We introduce TEMPLAR, (Template
Learning from Atomic Representations), an algorithm
that combines the edge-detection property of wavelets
with minimum description length (MDL) complexity-
regularization to automatically learn a low-dimensional
pattern template from noisy, randomly transformed ob-
servations. Qur approach is similar to that of Frey and
Jojic [2], although in that work, the dimension of the
template is fixed in advance and the basis vectors are
adaptive. We work with a fixed wavelet basis, and al-
low the dimension of the template to vary.

In section 2 we introduce our hierarchical frame-
work and statistical model for describing patterns. In
section 3 we present TEMPLAR, an iterative algorithm
for learning a pattern template from training observa-
tions. In sections 4 and 5 we illustrate pattern learning
and synthesis with two examples, and consider other
applications of TEMPLAR and the hierarchical pat-
tern framework.

2. HIERARCHICAL FRAMEWORK AND
STATISTICAL MODEL

When a pattern is observed in an image, it can ap-
pear at any number of locations, orientations, scales,
etc., in the image, depending on the spatial relation-
ship between the image forming device and the pat-
tern. Further uncertainty in pattern observations can
be caused by lighting sources, background clutter, ob-
servation noise, and deformations of the pattern itself
(if the pattern is not rigid, like a human face). We
model these uncertainties in pattern observations with
a hierarchical framework, based on the notion of de-
formable templates [3]. For our purposes, a template is
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a noise-free observation of a pattern that can be trans-
formed into an arbitrary observation of the same pat-
tern by applying a deformation to the template, and
adding observation noise. Examples of deformations
include global operations such as translations and rota-
tions, as well as transformations with localized support,
to represent local perturbations of the pattern.

Our hierarchical framework attempts to de-couple
three different aspects of the pattern observations: the
observation noise, the unknown transformations, and
the template itself. Thus, a pattern observation is syn-
thesized by taking the template, applying a randomly
selected transformation, and adding a realization of the
observation noise. The novelty of our approach is that
we model the template in the wavelet domain. As we
show in Section 3, this allows us to develop a template
learning algorithm that takes advantage of the proper-
ties of the wavelet transform. We now describe in more
detail the individual stages of the hierarchical frame-
work.

We model template deformations with a finite set
of linear transformations I'y,... ,T'y;. Restricting to
linear transformations still allows for a wide range of
transformations, such as translation, rotation, scaling,
and shearing. Furthermore, the aforementioned trans-
forms all have sparse matrix representations, i.e., if
they are operating on images with IV pixels, their ma-
trix representations have O(NN) non-zero entries. This
allows for linear-time computation and matrix inver-
sion.

These transformations are chosen to cover (or at
least reasonably approximate) the suspected range of
possible transformations. This list may be reduced if
we assumed each training image has been crudely pre-
processed to compensate for very gross transformations
such as large translations. To limit the complexity of
our model, we do not directly account for local pattern
deformations. However, we may still capture variabil-
ity in the pattern itself by treating the template as a
random variable. In particular, we model the statistics
of the template in the wavelet domain.

Let the random vector W = (Wy,... ,Wx)T de-
note the wavelet coefficients (as computed by some
orthogonal wavelet transform W) of the pattern tem-
plate, where N is the total number of pixels in a pat-
tern observation. In real-world images, we observe two
“flavors” of wavelet coefficients: large coefficients, cor-
responding to wavelets that match edges in the image,
and small coefficients, corresponding to smooth regions
of the image or noise. We refer to the former as signif-
icant coefficients, and the latter as insignificant coeffi-
cients. We assign to each W; a hidden state variable
s; taking on the values 0 or 1, with s; = 1 indicating a
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significant coefficient, and s; = 0 indicating an insignifi-
cant coefficient. This dichotomy is captured as follows:
we model the marginal pdf of the significant wavelet
coefficients as pw,|s, (wi|s;i = 1) = N(w;|ps,07); and,
we model the marginal pdf of the insignificant wavelet
coefficients as py, s, (wils; = 0) = N(w;]0,03), where
o2 is independent of i. Here, N(z|u,0?) denotes a
Gaussian density with mean p and variance o2, as a
function of the variable . We assume that the wavelet
coefficients are statistically independent. This is a rea-
sonable assumption because the wavelet basis functions
generally have nonoverlapping support. (There are in
fact dependencies between wavelet coeflicients such as
spatial clustering and persistence across scale [4] which
we do not treat in this paper.) Therefore the marginal
pdf’s specify the joint distribution of the wavelet coef-
ficients of the pattern template.

We collect the means and variances of the signifi-
cant wavelet coefficients and the common variance of
the insignificant coeflicients together in the param-
eter vector 6. A pattern template is specified by
0, together with a configuration s = (s1,...,sn5)7
of state variables. To synthesize a pattern observa-
tion from this template, we first generate a realiza-
tion w of wavelet coefficients according to the joint pdf
pwis(W[s) = [Ipw, s, (wilsi). Next, we obtain a real-
ization z = W~'w of the template by transforming w
into the spatial domain. A transformation I'y is then
selected from the list T'y,... ,I'sr according to some
prior distribution, and applied to the spatial template
to form a transformed pattern y = I'yz. Finally, the
observed image x is created by corrupting y with addi-
tive observation noise, which we model as zero-mean iid
Gaussian with variance o2 _. The conditional density

obs*®

of the observed image is given by
x|0,8,0 ~ N(TNV T, TWTEWET + 62 1),

where the i-th element of u is s;u;, and X is diagonal
with i-th diagonal entry equal to s;02 + (1 — s;)02.

3. COMPLEXITY REGULARIZED
TEMPLATE LEARNING VIA TEMPLAR

In this section we introduce a method for learning tem-
plate parameters 6 and s from training data, i.e. a col-
lection X = (x3,...,x7) of observations of the same
underlying pattern. In the process, we also learn the
indices £ = (¢1,...,£r) of the transformations giving
rise to each observation. Our approach is to perform
penalized maximum likelihood (PML) estimation of the
parameters 0, s, and £. In particular, we would like to
maximize the objective function

L(0,s,L) =logp(X]0,s, L) + c(s)
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where ¢(s) is a complexity penalty term that decreases
as the number of significant coefficients increases. We
include ¢(s) to balance the trade-off between fitting the
data and model complexity, and thus to promote the
learning of a template with a sparse wavelet represen-
tation.

We select a minimum description length (MDL)
based penalty term of the form

c(s) = —2klog(N),

where k = )" s; is the total number of significant co-
efficients. The negative of this quantity is interpreted
as the number of bits required to encode the location
and values of the means and variances of the significant
coefficients. In detail, following a derivation similar to
that in [5], each significant coefficient requires approx-
imately log,(IV) bits to encode its location, 1 log,(IV)
bits to encode its mean, and } log,(N) bits to encode
its variance. Since the negative log-likelihood is the
Shannon code length required to encode the data, we
see that maximizing L is equivalent to minimizing the
total code (description) length required to encode both
data and model parameters.

Joint maximization of L over all three parame-
ters is intractable. Our approach is to find a (possi-
bly local) solution to this optimization problem with
TEMPLAR (Template Learning from Atomic Repre-
sentations), an iterative alternating-maximization al-
gorithm. The premise is to maximize over one parame-
ter at a time, while holding the other two fixed. We first
initialize estimates Sy and Lo of the states and hidden
transformations, by stipulating, for example, that all
wavelet coeflicients are insignificant, and all transfor-
mations are the identity transformation. TEMPLAR
then proceeds according to

0, = argmeax L(0,8;_1,L;_1)
8 = argmax L(8),s,L; 1)
L; = arg max L(9;,5;,L)

This produces a non-decreasing sequence of penal-
ized log-likelihood values. The process continues un-
til L(Hj,§j,£j) = L(Oj_l,/s\j—laﬁj_l). TEMPLAR is
guaranteed to converge in a finite number of iterations;
see [6] for details. When the algorithm stops, the cur-
rent values of ?oj and §; are estimates for the template,
and the current value of Ej contains the best estimate
of the transformations that generated the training im-
ages from the learned template.

Each step of TEMPLAR is simple and efficient.
One iteration requires O(NMT) operations, where N
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is the total number of pixels in a pattern observa-
tion, M is the number of transformations, and T is
the number of training images. The use of complexity-
regularization combined with the inherent edge detec-
tion capabilities of wavelets produces a low-dimensional
template that captures the defining features of the pat-
tern of interest, but does not represent background
clutter or noise. We conjecture that TEMPLAR con-
verges to a local maximum of L with high probability
as T — oo, 02, — 0, and provided I'y,...,T'y ap-

obs

proximate the actual transformations sufficiently well.

4. EXAMPLES OF TEMPLATE LEARNING
AND PATTERN SYNTHESIS

We illustrate template learning and pattern synthesis
with two examples. In the first example, we apply
TEMPLAR to twenty-five noisy observations of a ran-
domly translated and rotated airplane (sixteen of which
are shown in Figure 1 (a)). The images are 64 x 64 =
4096 dimensional. Using the Haar wavelet, TEMPLAR
converges to a 97 dimensional template in seven iter-
ations. In the second example, we apply TEMPLAR
to twenty observations of a randomly translated face
with different facial expressions. The images in this
experiment are 128 x 128 = 16, 384 dimensional. Using
the Daubechies 6 wavelet, TEMPLAR converges to a
543 dimensional template in seven iterations. For both
examples, the template is low dimensional and repre-
sents the defining structure of the pattern, but does
not represent noise or the background. Having learned
these two templates, we used them to synthesize ob-
servations of each pattern. In both cases, these look
like the training images. Notice that in the second ex-
ample, the random nature of the template is able to
reproduce some of the facial expressions, even though
translations were the only template deformations ex-
plicitly modeled. Figures 1 and 2 show the results of
these experiments.

5. OTHER APPLICATIONS OF TEMPLAR

We mention briefly two other applications of TEM-
PLAR and our hierarchical pattern framework: pattern
classification and denoising from multiple observations.
If we are given training images for two or more classes
of patterns, we can apply TEMPLAR to produce tem-
plates for each class, and use the resulting pattern mod-
els for likelihood-based classification. Specfically, if we
have trained models {8,,s., }<_, for C different classes
of patterns, we can use these models to classify an unla-
beled test image x according to a generalized likelihood
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ratio test (GLRT):
¢* = argmax m?,xp(ch,sc,ﬁ) . (1)

The GLRT selects the class that has the highest like-
lihood when evaluated using the most likely transfor-
mation for that class. This results in a classifer that
is independent of the transformation I', that gave rise
to x. We may also choose to evaluate the likelihood in
Equation (1) using only the significant template coeffi-
cients. Since the significant coeflicients only model pat-
tern structure and not background objects, this gives
us a low dimensional subspace classifier that is invari-
ant to clutter. The number of operations required to
classify an image is O(NM).

The second application is denoising from multiple
observations of the same pattern. Previous work on
this problem assumes that the pattern is aligned in each
of the observations [7]. With our framework, we no
longer require this assumption. TEMPLAR automati-
cally registers the observations, and performs denoising
by averaging and then setting some wavelet coefficients
to zero (although not according to a thresholding rule).
The coefficients that are set to zero are precisely the in-
significant coefficients.

6. CONCLUSION

We present a wavelet-based approach for modeling ob-
servations of patterns that undergo unknown transfor-
mations. We introduce TEMPLAR, an algorithm that
combines the compression property of wavelets with
MDL complexity-regularization to automatically learn
alow-dimensional template from training data. The di-
mension of the template is automatically inferred from
the data. This is in contrast to previous work that ei-
ther assumes the observations are already aligned [7],
or that fix the dimension of the template in advance [2].
Once the template has been learned, it can be used to
synthesize observations that look like the training im-
ages. TEMPLAR and the hierarchical pattern frame-
work can also be used for pattern classification and
denoising from multiple, randomly transformed obser-
vations of the same pattern [6].
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