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ABSTRACT

This paper takes up the design of wavelet tight frames that
are analogous to Daubechies orthonormal wavelets — that
is, the design of minimal length wavelet filters satisfying
certain polynomial properties, but now in the oversampled
case. The oversampled dyadic DWT considered in this
paper is based on a single scaling function and two dis-
tinct wavelets. Having more wavelets than necessary gives
a closer spacing between adjacent wavelets within the same
scale. As a result, the transform (like Kingsbury’s dual-tree
DWT) is nearly shift-invariant. The oversampled DWT pre-
sented here is redundant by a factor of only 2, independent
of the number of levels. In comparison, the redundancy of
the undecimated DWT grows with the number of levels.
Grobner bases are used to obtain the solutions to the non-
linear design equations. It is also shown that the maximally
flat FIR filters described by Herrmann arise here, as they
do (in the half-band instance) in the Daubechies case.

1. INTRODUCTION

This paper introduces new wavelet tight frames based on
iterated oversampled FIR filter banks. In particular, this
paper takes up the design of systems that are analogous to
Daubechies orthonormal wavelets [4] — that is, the design
of minimal length wavelet filters satisfying certain polyno-
mial properties, but now in the oversampled case. It should
be noted that in the oversampled case, if a wavelet is very
smooth it does not mean that its moments [t*1(t)dt are
necessarily zero (or small) for £ > 0, in contrast to the or-
thonormal case. The smoothness and zero moments prop-
erties are not as closely related as they are for the critically
sampled case. Like the examples by Chui and He [2] and
Ron and Shen [13], the wavelets presented below are much
smoother than what can be achieved in the critically sam-
pled case, however, in this paper the zero moments proper-
ties of the wavelets are also taken into account. For a given
number of wavelet moments and a given number of zeros at
2z = —1 of the scaling filter Ho(z), the wavelets presented
below are of minimal length.
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The oversampled DWT presented in this paper differs
from the undecimated DWT (UDWT). The undecimated
DWT generates a truly shift-invariant discrete transform,
however, the UDWT has an expansion-factor of log N: it
expands an N-sample data vector to Nlog N samples. On
the other hand, the oversampled DWT presented here (like
Kingsbury’s dual-tree DWT [8]) expands an N-sample data
vector to 2NV samples — independent of the number of scales
over which the signal decomposition is performed. While it
does not yield an exactly shift-invariant discrete transform,
like the dual-tree DWT, it is more nearly shift-invariant
than the critically sampled DWT can be. !

In [2, 13] methods are given to generate a tight wavelet
frame corresponding to a specified refinable function (scal-
ing function). The approach taken in this paper is to treat
the scaling and wavelet functions together as unknown. The
nonlinear design equations that arise are then solved using
Grobner bases. As Grobner bases are used in this paper
to carry out the design, we are able to obtain zero wavelet
moments for wavelets of minimal length, in contrast to ear-
lier work on wavelet tight frames of this type. Although
the high computational and memory cost of Grobner bases
limits their utility, we are able to obtain solutions of prac-
tical interest. In addition, software for Grébner bases is
improving with time.

Because the frames described in this paper are based on
iterated FIR filter banks, a fast discrete frame transform is
simple to implement. This paper considers exclusively tight
frames.

2. PRELIMINARIES

Each of the wavelet tight frames to be developed in this
paper will be based on a single scaling function ¢(t) and two
distinct wavelets 11 (t) and 2(t). (We label the wavelets
as 1, Y2 instead of g, 91 as it will simplify notation.)
Following the theory of dyadic wavelet bases, the scaling

!Kingsbury’s dual-tree DWT is designed to act as a complex
wavelet transform and can thus be used to construct directional
2D filter banks. The oversampled DWT described here does not
have this ability.
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Figure 1: An oversampled analysis and synthesis filter bank.

space V; and the wavelet spaces W; ; are defined as
Vj = Span{$(2't — n)} 1)
neZ

Wi,; = Span{;(2’t —n)}, i=1,2. )
nezZ

(Of course, dyadic wavelet bases are based on a single scal-
ing function ¢ and a single wavelet ¢. The extra wavelet
here makes this system an overcomplete one.) Following the
multiresolution framework, one asks that these signal spaces
be nested: Vo C Vi, Wi,0 C V1, W20 C V1. It follows that
P, 11, 2 satisfy the dilation and wavelet equations

¢(t) = V2 ho(n) $(2t — n)
$i(t) = V2> hi(n)g(2t—n), i=1,2.

Corresponding to ¢, 11, ¥2, we have the scaling filter ho(n),
the two wavelet filters h1(n) and h2(n), and the oversam-
pled filter bank illustrated in Figure 1. The transfer func-
tion H;(%) is given by > h;(n)z~". Note that through out
the paper, t € R, 4,5, k,l,m,n € Z.

2.1. Frame Conditions

To design tight frames based on FIR filters h;, it is helpful to
write the tight frame conditions in terms of the coefficients
hi. By standard multirate identities, we have the perfect
reconstruction conditions

Ho(z) Ho(1/z) + H1(z) H1(1/z) + H2(z) H2(1/2) = 2,( )
3

and

Ho(—z) Ho(l/z) + H1(—Z) Hl(l/z) =+ HQ(—Z) Hz(l/z) =0.
4)
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2.2, Zerosatw=0,w=m

Let Ko denote the number of zeros Ho(e’*) has at w=T.
For i = 1,2, let K; denote the number of zeros H;(e’*’) has
at w=0.

(2 +1) | Ho(2) (5)
(2= 1) | Hi(2) (6)
(2= 1)"* | Ha(2) (7)
For orthonormal bases (¢2(t) = 0), it is necessary that

Ky = K1, so no distinction need be made between K, and
K. However, for tight wavelet frames of the form (2), it is
not necessary that Ko = K1 = K. Ko denotes the degree
of polynomials representable by shifts of ¢(¢) and is related
to the smoothness of ¢(t). Ki and K> denote the num-
ber of zero moments of the wavelet filters h1(n) and ha(n),
provided Ko > K1, and Ko > K>.

The value of Ky influences the degree of smoothness
of ¢ (and therefore of ¢;). On the other hand, the val-
ues K; and K indicate what polynomials are annihilated
(compressed) by the given signal expansion. In contrast to
orthonormal wavelet bases, with a tight frame one has the
possibility to control these parameters more freely. If it is
desired for a given class of signals that the wavelets have
two zero moments (for example), then the remaining de-
grees of freedom can be used to achieve a higher degree of
smoothness by making Ko greater than K; and Ko.

Although the values K; need not all be equal, we can
derive the following constraint:

length h() Z K() + min (Kl, KQ) (8)
This is obtained from
|Ho(e’)| + | Hi(e'“)|” + | Ha ()" =2 9)

which is a consequence of the tight frame condition (3). So
the minimum length of ho is Ko + min (K1, K2). In the
orthonormal case Ko = Ki and K» = oo (as ha = 0),
which gives the minimum length of ho to be 2K, which is
consistent with Daubechies’ orthonormal filters.

3. NEW EXAMPLES

We seek to design FIR filters ho, h1, ho that generate tight
frames of the form described in (2). We seek the shortest
filters h; having a prescribed number of zeros at z = —1
and z = 1 (specified by the values K;) that satisfy the
tight frame conditions (3,4). In the examples, we ask that
K, = K;. If they are unequal, then one wavelet annihilates
more polynomials than the other, or one wavelet is doing
‘more work’ than the other.

Note that the conditions (3,4) are nonlinear equations
in the filter coefficients h;(n). For the design problems con-
sidered below, these nonlinear design equations will be han-
dled using Grébner bases, a powerful but computationally
expensive tool from computational algebraic geometry [3].
In a loose sense, Grobner bases extend the Gaussian elimi-
nation of variables to polynomial systems of equations. The
Groébner bases are too big to include in the paper, but they
are available on the author’s webpage. For previous ap-
plications of Gribner bases to the design of wavelets and
filters, see for example [5, 10, 11, 15, 16, 17].
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3.1. Example 1 — (Ko, K1, K2) =(3,1,1)

For the first example, we ask that Ko = 3, K1 = K2 = 1.
It was found that the shortest filters ho, h1, ho satisfying
(3,4) are of length 4, 4, and 2, respectively. The filters are
given by

Ho(z) = % (14271
Hi(z) = g (1-2z") (14427 +277)
Hy(2) = ? (1—27")

This system was found independently in [2] already. The
filters and the wavelet functions are illustrated in Figure
2. ¢(t) is symmetric, 1;(t) are anti-symmetric. Notice that
¢(t) is especially smooth given its support. On the other
hand, it is important to note that the wavelets have only
1 zero moment: [;(t)dt = 0, but [t4i(t)dt # 0. The
analysis filter bank annihilates constant signals z(n) = ¢,
but does not annihilate ramp signals z(n) = ¢ n.

Due to the simple form of hg, the scaling function ¢(t)
is a B-spline, obtained by convolving a square pulse p(t)
with itself: @¢(t) = p(t) * p(t) * p(t). Therefore, closed form
expressions for ¢,; can be obtained for this example.

Also, notice that the length of ho is equal to Ko +
min (K1, K2), which by (8) is the minimal length possible.

3.2. Example 2 — (Ko, K1, K>) = (5,2,2)

For the second example, we ask that Ko = 5, K1 = Ky = 2.
It was found that the shortest filters ho, h1, ho satisfying
(3,4) are of length 7, 7, and 5, respectively.

This example does not appear to admit simple expres-
sions for the coefficients h;(n), as the nonlinear design equa-
tions are much more complex. However, by utilizing Grobner
basis methods [3] it is possible to obtain exact expressions
for h;(n). (Singular [6] was used for the Gribner basis cal-
culations.) The original design equations have only rational
coefficients, and we were able to obtain ezplicit expressions
for h;(n) in terms of radicals. The expressions obtained for
hi(n) are too long to include here, but are available from
the author.

As in the orthonormal case, there are multiple solutions
to this problem. However, in contrast to the orthonormal
case, (i) the distinct solutions do not all share the same
autocorrelation, and (i) not all of the spectral factors of
each autocorrelation are solutions.

In this example, there are 4 distinct solutions, not count-
ing their time-reversals (hi(—n)) and negations (—h;(n))).
One of those 4 solutions is shown in Figure 3. The other
3 solutions are tabulated on the author’s webpage. None
of the 4 solutions are symmetric. None of the solutions are
splines as in the first example.

3.3. Example 3 — (Ko, K1, K») =(7,3,3)

For the third example, we ask that Ko =7, K1 = K2 = 3,
for which the shortest filters ho, h1, h2 forming a tight frame
are of length 10, 10, and 8, respectively.
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Again, we used Grobner bases to solve the nonlinear
design equations and we obtained explicit solutions for h;
in terms of radicals. There are exactly 8 distinct solutions,
not counting their time-reversals (hi(—n)) and negations
(—hi(n))). One of those 8 solutions is shown in Figure 4.
The other 7 solutions are tabulated on the author’s web-

page.
4. MAXIMALLY FLAT FILTERS

Due to the constraint (9), if Hi(z) and H2(z) have at least
M zeros at z = 1, then the first M — 1 derivatives of
|Ho(e’*)| at w = 0 must be zero. Therefore, the minimal
length lowpass filter ho can be obtained by spectral factor-
ization of a maximally flat symmetric FIR filter, a family
of filters originally described by Herrmann [7]. Specifically,
letting M = min(K, K»), one has

[Ho(™) =2(1 =) 3 (K° ‘kl"“) s )

k=0

where y = %(1 — cosw). When M = Ky, this formula
specializes to the Daubechies polynomial; that is the poly-
nomial that is used in Daubechies’ construction of short
orthonormal wavelets [4]. The Daubechies polynomial is
the halfband instance of the maximally flat filter. The fil-
ter in (10) is of the same maximally flat family, but rather
than being halfband, it has instead a higher degree of flat-
ness at w = 7 than it does at w = 0. That makes the
passband more narrow than the stopband and increases the
smoothness of ¢(t).

While (10) yields directly a formula for |Ho(e’*)|? from
which ho(n) can be obtained through spectral factorization,
it does not yield the filters hi(n), ha(n).

5. NEAR SHIFT-INVARIANCE

For the type of tight frame presented above, the (idealized)
time-frequency localization of the wavelets are indicated
in Figure 5. Having more wavelets than necessary gives
a closer spacing between adjacent wavelets within the same
scale. It is this property that makes this system less shift-
sensitive than a nonredundant system. Each scale in Figure
5 is represented by twice as many wavelets as in the criti-
cally sampled case. In this way, the tight frame DWT ap-
proximates the continuous wavelet transform more closely
than does the critically sampled DWT, and consequently it
is more robust to shifts than the critically sampled DWT.
Kingsbury demonstrated the near shift-invariance of the
dual-tree DWT in [8, 9] by reconstructing a shifted discrete-
time step function u(n — ng) from only its wavelet coeffi-
cients at a single scale j. Varying the shift no in increments
of 1, the results reveal the shift-varying properties of the
system. Following the same procedure, for j = 1,2, 3,4, the
left hand side of Figure 6 illustrates the near shift-invariance
of the oversampled filter bank of Example 3. For compari-
son, the right hand side uses Daubechies’ orthonormal basis
Ds (length ho = 10) [4]. The top panels show the recon-
struction from only the scaling coefficients at level j = 4.
Although the overcomplete expansion of Example 3 is not
as shift-insensitive as the dual-tree DWT presented in [9],
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Figure 2: The generators of a wavelet tight frame with parameters Ko = 3, K1 = K» = 1.
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Figure 3: The generators of a wavelet tight frame with parameters Ko = 5, K1 = Kz = 2.
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Figure 4: The generators of a wavelet tight frame with parameters Ko =7, K1 = K2 = 3.

it is much less shift-sensitive than the orthonormal basis, as
illustrated in Figure 6.

It should be noted that other orthonormal bases may
be less shift-sensitive than Daubechies’ bases, for example
those designed in [1]; however, the shift-sensitivity proper-
ties of orthonormal wavelet bases are naturally limited in
comparison with tight wavelet frames.

6. CONCLUSION

Kingsbury showed that the shift-sensitivity of the DWT
can be dramatically improved by using a dual-tree, an over-
complete expansion that is redundant by a factor of 2 only.
So motivated, this paper considered the design of wavelet
tight frames based on iterated oversampled filter banks as in
[2, 13, 14]. In particular, we consider the design of wavelet
tight frames that are analogous to Daubechies orthonor-
mal wavelets bases. As the number of zeros Ho(z) has
at w = 7 need not equal the number of zeros Hi(z) and
H>(z) have at w = 0, a greater design freedom is avail-
able, than in the orthonormal case. Although the result-
ing design equations are nonlinear, Grébner bases can be
used to obtain the solutions. By asking that Ko > K, Ka,
wavelets are obtained that are very smooth in comparison
with orthonormal wavelet bases. Like the dual-tree DWT
of Kingsbury, the overcomplete DWT described above is
less shift-sensitive than an orthonormal wavelet basis (and
in the 2D case has fewer rectangular artifacts).

The complete solutions to the examples examined in
the paper and other examples are available on the author’s
webpage: taco.poly.edu/selesi. Also available are the
Singular programs for obtaining the Grébner bases from
which the solutions are obtained.
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Figure 5: Idealized time-frequency localization diagrams.
The tight frame gives a denser sampling of the time-
frequency plane. But unlike the UDWT, maintains the
same style.
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Figure 6: Reconstruction of u(n—no) from coefficients at level j only. Left: The decomposition uses the wavelet tight frame
illustrated in Figure 4. Right: The decomposition uses Daubechies’ orthonormal basis Ds (ho = 10). The tight frame is less
shift-sensitive than the orthonormal basis.
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