THE PENDULUM:
A TIME-FREQUENCY MODEL

Lorenzo Galleani and Leon Cohen

City University of New York
695 Park Avenue, 10021 New York, NY

ABSTRACT

We show that time-frequency analysis can be effec-
tively used to study nonlinear differential equations.
We study the pendulum in the nonlinear region and
propose a new model for the oscillations. We show
that when there is damping there exists a fundamen-
tal frequency that is time-varying. We explain why
that should be so and an explicit method is derived for
the calculation of this fundamental time-varying fre-
quency. We further develop a method to obtain the
time-varying amplitude. We verify our results by com-
paring with the numerically obtained solution of the
pendulum. We argue that our model allows a deeper
understanding of the pendulum oscillation in the highly
nonlinear region.

1. INTRODUCTION

Nonlinear dynamical problems have been studied for
over 300 years because they immediately arise from
the simplest application of Newton’s second law.! Cer-
tainly, the simplest, oldest, and most venerable nonlin-
ear problem is the simple pendulum, which is governed,
in presence of linear damping, by the differential equa-
tion [§]

O(t) + 2u0(t) + k?sin0(t) = 0 (1)

where k = 4/g/¢, ¢ being the length of the massless
pendulum, g the gravitation constant and 6(¢) the dis-
placement angle. This differential equation has been
studied in numerous ways over the years and also has
served as the model problem for many approximation
techniques that have been developed to study nonlinear
differential equations.
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IWe clear our use of the phrase “non-linear”. In the past
twenty years or so the phrase has been used in many ways, how-
ever we use it in only the classical way. That is, in the sense that
the governing equation of the system is a non linear equation,
typically a nonlinear differential equation.

The linearized version of this equation

0(t) +2ub(t) + k20(t) = 0 (2)

valid for small values of 6, gives the standard harmonic
oscillator equation which predicts an oscillation with
constant frequency given by

we =V k% —p? (3)

when p < k (underdamped oscillation). One therefore
suspects that the nonlinear equation will have noncon-
stant frequency, that is, an instantaneous frequency.
It is natural therefore to explore the possibility that
the new methods that have recently been developed to
study signals whose frequency content is changing in
time [3] may be profitably applied to these type of prob-
lems. Such methods are called time-frequency analysis.
There already has been considerable work in studying
these types of systems with time-frequency distribu-
tions.

Our interest in applying these methods is two fold.
First, we will show that these methods may be used to
understand the solution of these nonlinear equations.
This will be done by solving the equation numerically
and studying the solution in the time-frequency plane.
Secondly, we believe that the practical issue of solving
these equations can be enhanced by devising new ap-
proximation methods that are based on examining the
equation in the time-frequency plane.

2. THE PENDULUM OSCILLATION IN
THE TIME-FREQUENCY PLANE

We numerically obtained the solution 6(t) of Eq. (1),
and then calculated a time-frequency distribution. We
choose to work in a high nonlinear region. We start
with a large initial angle 6y = 0.957 and also impose a
low damping p = 0.01, to obtain a slow decreasing os-
cillation. We obtained numerically the solution for the
time interval 0 < ¢ < 20, which gives for a final angle
0(20) ~ %W, which is still far away from the linear re-
gion. Also, we start the motion by taking 6(0) = 0. In
Fig. 1 we show 6(¢) obtained by numerical integration
with the parameters specified above.
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Figure 1: 6(t) computed with g = 0.01, wg = 47,0(0) =
0.957 and 6(0) = 0. The final “total” amplitude of os-

cillation, a concept defined by Eq. (21), is approxime-
tely A(20) ~ 2.

In Fig. 2 we show the time-frequency plot of 6(t).
We use the spectrogram. 2

The figure clearly show the presence of a series of
time-varying frequencies. In particular it is easily recog-
nizable the presence of a high energy component in the
frequency interval f = 0 — 2 Hz, plus a set of five com-
ponents with decreasing energy and increasing slope.

It is instructive to obtain the time-frequency plot
of 0(t). The reason is that there is a relationship be-
tween the time-frequency plot of 8(t) and é(t) and the
latter one sometimes shows more clearly the main char-
acteristics of the signal. In Fig. 3 we present the time-
frequency plot of 6(t). One notices that the higher
harmonics are more clearly visible in Fig. 3, than in
the representation of #(¢). This can be understood in
an intuitive way, considering the fact that the rela-
tion between the power spectrum of 6(¢) and 0(t) is
S;(w) = w?Sg(w), and hence the higher frequencies are
enhanced in the Fourier spectrum by the multiplica-
tive factor w?. This amplification effect is also true for
time-frequency representations.3

These figures show that the signal is multicompo-
nent [4] and this will allow us to construct a model
for these oscillations. We will call the “fundamental
frequency”, wq(t), the highest energy component, and

2The choice of computing a spectrogram has been made with
the objective of representing as many harmonics as possible. It is
well known that other time-frequency distributions show a bet-
ter localization, but the presence of many harmonics generates
a big number of interference terms that hide the presence of
the harmonics themselves. Hence, despite its poor localization
property, the spectrogram with its intensive filtering of the in-
terference terms, is a good tool for a qualitative analysis of the
multicomponent behavior of a nonlinear oscillation.

3We point out the aliasing produced by the fourth and fifth
harmonics, especially in Fig. 3.
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Figure 2: Spectrogram of 6(t). The fundamental fre-
quency in the frequency interval 0-2 Hz and its har-
monics at multiple frequencies are clearly visible. The
slope of the harmonics increases with the order.

“higher harmonics” the other components, which will
be indicated by w1 (t),. .. ,wa(t).

3. HEURISTIC EXPLANATION AND A
PROPOSED MODEL OF THE
OSCILLATIONS

What the time-frequency plots show is that we have
a series of time-varying frequencies. On that basis we
will propose a specific model for the oscillations. But
first we give a simple heuristic argument as to why there
should be these time-varying frequencies. Consider first
the pendulum with no damping, that is with g4 = 0
(5, 8]
O(t) + k> sinO(t) =0 (4)
It is well know that the solution is periodic and hence
can be expanded in a Fourier series. The power spec-
trum is hence generally made by a set of infinite fre-
quencies, with a fundamental frequency and higher har-
monics. It is a classical result that the fundamental
frequency is dependent on the maximum angle of de-
flection. It is given by
27

0= () ®)
where T(Ajpy) is the period which is a function of the
maximum amplitude deflection, that here we call Ayy.
The explicit expression for the period is well known and
is given in Section 4. It is important to emphasize that
T(Aps) is a constant and hence so is wy.

Now, when damping is introduced in the system,
the system becomes non conservative, and the maxi-
mum deflection changes and therefore the period changes
and hence also so does the “fundamental” frequency.
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Figure 3: Spectrogram of 6(t). Notice how the higher
harmonics can be better identified than in Fig. 2. The
fourth and fifth harmonics clearly present an aliasing
effect.

We now introduce notation to take this into ac-
count. We shall call A(t) the time-varying amplitude
of oscillation and we write the period as T'(A(t)) and
the time-varying “fundamental” frequency as

27
TTA®D) (©)

It is a goal of the paper to model the signal and obtain
a method to calculate this fundamental time-varying
frequency.

Now if the fundamental frequency changes with time,
one expects that also the higher harmonics change, and
this is precisely what the time-frequency representa-
tions in Fig. (2) and (3) shows. Hence it is plausible
to model the oscillations as a multicomponent signal

wo(t) =

o(t) = Z ai(t)ed?r®
k=0

= Z ag(t)edF+HDeo () (7)
k=0

This model is made of complex functions since that is
easier to work with for the usual reasons.
Based on this model the fundamental frequency is

wo(t) = 2200 )

It is interesting to notice that as t — oo then § — 0
and sin(f) ~ 6 with increasing accuracy in (1). This
means that ¢o(t) — w.t, where w, is defined in (3), and
is the frequency of oscillation of the harmonic oscilla-
tor. We have made further studies to verify this model
and those results are presented in the Appendix. Cru-
cial to our considerations is to obtain the fundamental

frequency which is done in the next section. We also
point out that most of the energy of the oscillation,
even at a relatively high nonlinearity, is concentrated
in the fundamental frequency term. This will be dis-
cussed further in section 5.

4. THE TIME-VARYING FUNDAMENTAL
FREQUENCY

We now show how to obtain the time-varying funda-
mental frequency. The main idea is to consider the
system as locally conservative, that means that if we
study Eq. (1) in the time interval I = (¢g,to+ At), if A
is small we can consider almost zero the energy lost by
the system, and hence consider it as (locally) conserva-
tive. As a consequence of this assumption, we consider
the total amplitude of oscillation A(t) to be constant
in I, at the value that the amplitude has at time t,.
Equivalently we can say that in the time interval I we
consider the differential problem (1) to be

O(t) + k?sin(0(t)) = 0, (9)
0(to) = Alto)
0(to) = 0

It is well known that for conservative systems the
period is constant and can be written in terms of Jacobi
integrals. For this case the period is given by [5]

1+ <%>222+ <;:Z)224+...L10)

z =sin(A/2) (11)

T(z) = 2%

This is an exact solution for the conservative case.
Considering our discussion above it is therefore nat-
ural to take for the non conservative case

e =22 [+ (3) 0+ (1B3) 0+

(12)

where now
z(t) = sin(A(t)/2) (13)

the fundamental frequency is therefore




Hence we have formulated an approximation of the
fundamental frequency wy(t) of the pendulum that de-
pends on the total amplitude of oscillation A(t). The
approach of considering the system as locally conserva-
tive has already been used by one of the authors [6, 7].
In those works wq(t) was expanded with respect to its
instantaneous amplitude by using perturbation meth-
ods [9]. The inverse problem of nonlinear system classi-
fication was investigated, and a low order perturbation
expansion proved to be enough to reach the objective.
Here, on the contrary, we are interested in the direct
analysis of the oscillation in a highly nonlinear region,
and we aim at developing an easy way to expand the
fundamental frequency with high accuracy. A compar-
ison between the method exposed in this paper and
perturbation techniques will be presented later.

4.1. Evaluation of the Amplitude

We now discuss how to evaluate A(t). In Eq. (1), we
multiply by 6(¢) and integrate with respect to time to
get the associate energy equation [8]

Ee(t) + Ey(6) + Ea(t) = 0 (15)
where

Bl0) = 500 (16)

E,(0(t)) = —k?[cos(0(t)) — cos(fp)] (17)

Eat) = 2 / () i’ (18)

E)(t) being the kinetic energy, E,(t) the potential en-
ergy and Eg4(t) the dissipated energy. The initial ki-
netic energy is E,(6(0)) = 0 because we chose #(0) = 0.
The instantaneous energy of the mass m is

En(t) = Ex(6(1)) + £, (0(1)) (19)
At time ¢ the total amplitude A(t) is equal to the maxi-

mum angle 6, that the mass can reach oscillating when

no damping is present, as we hypothesized in the local
model (9)

Ey(Om) = En(t) (20)
Substituting we readily obtain
En(t
A(t) = 0y = arccos | — 7]:2( ) + cos By

(21)

4.2. Numerical Comparison

Is the expression given by Eq. (21) correct? To ascer-
tain that we computed it and plotted it on the same
graph as with the oscillation. This is shown in Fig. 4.
The comparison is excellent.
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Figure 4: The total amplitude of oscillation A(t), com-
puted applying Eq. (21), with the same parameters
used in Fig. (1). The amplitude is compared against
the oscillation angle 0(t), and it well represents its in-
stantaneous envelope.

5. A SIMPLE MODEL OF THE PENDULUM

We have now obtained an estimate of the time-varying
fundamental frequency and the time-varying amplitude.
Since the time-frequency plot indicates that most of the
energy is in the fundamental we would expect that a
good representation for the signal is

0(t) = A(t)ed#o® (22)

where
%@=/www' (23)

is the instantaneous phase.

To demonstrate the validity of our model, we com-
pare the estimated fundamental frequency wp(t) and
the one predicted by our method, that means Eq. (14)
with A(¢) computed from Eq. (21). Fig. 5 shows the
result of this comparison.

In Fig. 6 we plot the comparison between this pre-
diction and 6(¢) of Fig. 1. The agreement is very good,
especially if one considers the highly nonlinear region
in which the system is oscillating. The quality of the
approximation gives and idea on how it is important,
the fundamental frequency. Even under highly non-
linear behavior, in fact, the energy of the oscillation
still exhibits a good concentration in the fundamental
frequency.

4We used a number of numerical techniques to obtain numer-
ically the instantaneous frequency.
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Figure 5: Comparison between the estimated fun-
damental frequency wg(t) (solid line), the fundamen-
tal predicted by Eq. (14) (dashdotted line) and the
one predicted by a low order perturbation expansion
(dashed line). Notice the quality of the approximation
that improves for ¢ — co.

6. CONCLUSION

We have studied the nonlinear oscillations produced by
a simple pendulum with damping using time-frequency
techniques. These tools prove that a nonlinear oscilla-
tion has in general a time-varying spectrum, made by
a fundamental frequency and a related set of higher
harmonics, all time-varying. Driven by this observa-
tion, we have proposed a multicomponent model for
the oscillation, numerically proving the validity of the
choice.

We have also proposed a new model for the funda-
mental frequency, that allows a better understanding
of the mechanism involved in a nonlinear oscillation.
Moreover the model allows to approximate the funda-
mental frequency in the highly nonlinear regions.

7. APPENDIX: NUMERICAL ESTIMATION
OF THE FUNDAMENTAL TIME-VARYING
FREQUENCY

In Fig. (7), we plot the estimation of wy(t) from both
the Wigner distribution [3] of 8() and 6(t). The esti-
mation method used is the peak detection algorithm,
that shows good performances for noise free signals [1].
The figure highlights the fact that either of the two sig-
nals can be used with success to perform the estimation
of wo (t)

In Fig. (8) the estimation of wy(t) from the Wigner
and the Smoothed Pseudo Wigner distribution (SPW)
is represented. The estimation method is again the
peak detection, and the figure shows that they are quite
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Figure 6: Comparison between 6(¢) numerically inte-
grated from Fig. 1 (solid line) and the one predicted
by Eq. (22) (dashdotted line).

the same, although a certain error is present in the
SPW approach [2]. Using the SPW can be useful when
wo(t) is strongly time-varying, as happens for examples
in systems with bilinear functions [6, 7] that generate
nondifferentiable points in the fundamental frequency,
and hence high interference terms. The SPW can fil-
ter part of these terms, allowing the estimation of the
instantaneous frequency with the same approach.
Higher harmonics. In the previous paragraphs we
have proposed a model, Eq. (7), of the pendulum oscil-
lation. From the model one has that the instantaneous
frequency of the k-th harmonic should be

) do(t)
Tdt dt

= (k+ 1)wo(t)
(24)

wi (1) =(k+1)

This means that the slope of the k-th harmonic is

dwg (t)
dt

du)g (t)
dt

=(k+1)

(25)

and this could be an explanation of why the slope of
the harmonics in Fig. 2 and 3 increases with the order
k. To now show, numerically, that indeed the higher
harmonics are multiples of wg(t), we plot in Fig. 9
a comparison between the estimated fundamental fre-
quency wq(t), the estimation of the second harmonic
wa(t) and its predicted value 2 x wo(t). As it can be
seen, the model can be considered satisfactory, espe-
cially as for ¢t — oo.
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Figure 8: Solid line: wq(t) estimated from the Wigner
of 6(t); dashdotted line: wy(t) estimated from the SPW
of f(t). The SPW estimation shows some biasing espe-
cially near the borders of the signal.
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Figure 9: Solid lines: wo(t) and 3 x wp(t); dashdotted
line: ws(t). The comparison between 3 x wp(t) and
wa(t) confirms that wa(t) can be considered with good
approximation a multiple of wq(t). The quality of the
approximation improves for t — oco.



